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Lecture I

This morning we are going to start out to define a plasma...that is, what e

1t's properties are, what it means, and when you can use plasma concepts, and when

e

you get to single particle concepts.

LR Pirst of all, a plasma is essentially electrically neutral, A plasmga is a

_'collectlon of charged partlcles. The deviation from neutrality in any Pods ¢ of plasma

;cannot be much greater than the amount dictated by. thermal energy,

Let's say we have a volume, a block of plasma that °°“f§;;;;/electrons and

~;protons, and we consider a very small sphere:

o \rad)os 2K ‘ *j'
1n which by a statistical fluctuatlon, all the electrons have gone out and lefy only S

| protons. The questlon is, "How far can the electron move away before it gets brought

back by the excess positive charge in this sphere?"

The potential at the surface of the sphere:

Oy ey r?) F K Frex Eusirions

I am using MKS units, and I will use thenm throughout the course, If anyone

wants-to use CGS units, I might add, it is quite all right,

An electron that is moving out will have an'average energy 1/2 KT. We set

i ‘potential times ¢ = 1/2 KT,

el -
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This is really quite straight-forward, I have just taken the potential

and multiplied it by e which gives you the potential energy of an electron at a

set
distance of r away from the sphere, and/the tuo = energies equal, Then,
4
KCT
r= / 7 €oKT\z
he?

This distance is the general size of the sphere in which you can have marked
deviations from electrical neutrality,

There is a fundamental unit of length in plasmas called thé Debye length,

It is given by h _ 6 KT -;Z
D ,____,..._—-4“"
ne-

There is just the square root of three halves difféfence between éhe distance we
calculated for a sphere and the Debye length, The difference between the two distancos
is due to geometrical factors; the Debye length is, if you work thi$ out, instead of
for a sphere, if you defined in terms of how far g particle can move away from a
statistical fluctuation in a plane geometry,

The significance of the Debye length is that in a plasma over distances
larger than the Debye length, you have electricalupeutrality. The particles do not
really have enough energy to be anything but electr;Eally neutral inside of volume
large compared to the Debye length, Also, if we put a wall, say a metal wall, next to
a plasma where a charged probe, something like that..,say a metal probe out here, then
the influence of this will extend into the plasma about 1 Debye length again, The
Debye length is not a magical, rigid number, It just gives one a feeling concerning
a given plasma,

A plasma is made up of plus and minus charges. If you are concerned with
volumes small compared to 7“)3 » the particles do not have the properties of 2
plasma; plasma concepts will not necessarily apply. For example, cosmic rays are not
a plasma, Over the scale of the earth's magnetic field, they can be considered single

particle trajectories,
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Another property to consider is how fast the plasma can react to some sort
of displacement; that is, if you perturbed the plasma, how fast would it react and
come back to equilibrium? Say we have an infinite plasma, and we take a slab and,
in this slab displace the plus charges one way and the minus charges the other,

A charge separation results:

B e e S I R 3

Pt

When you let go, the charges will bounce back. You will get a simple harmonic
oscillator,

Another method of measuring a plasma's reaction times comes from the
derivation of velocity of light, In deriving the velocity of light, you use the
Maxwell equation:

—
V'X‘f: = ;“l“ %__5
Jt
There is a displacement current and a conduction current when a plasma is present,

If we have a sinusoidal electric field, then we can see that the displacément
current (which has no inertia; that is, displacement current is a polarization current),
If you examine it closely, it will go like this,....the phase of the displacement
current will be such that it will lag the electric field (See Figurgqufy% The

conduction current I will be 180° out of phase with the displacement current,

For a sinusoidal oscillation, electrons are always 90° out of phase of the

M T e

driving force; they lag behfﬁﬁ}\bgpause of ingxtiai“wﬁé§éas the displacement current

which is a polarizq§§ganﬁrrentj"ﬁ§§§;§§‘wi1;“lead the driving force by: Yo

o

s

Let's work this out:
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-~ ~ e j
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gt
For the conduction current, i= rieas We know the electron acceleration

it is just e/m times the electric field, which is E, sin wt,

- X 5
ﬂj—’ R A !_‘.- - € E,:. o, '—--”\-i'u;t

A E E
Now, integrating this with respect to time, we find that the velocity is

.
Are - € £E0
' TS COs ¢
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That is the conduction current in a plasma, As you might expect, since the conduqtion
current is limited by inertia, as you go to very high frequencies, the conduction
current approaches zero., For very high frequencies, electrons just can't move
whereas displacement current increases with frequency,

Now we have the displacement current and conduction current, and we know
that one is negative and the other is positive.,..as I said before, they are 180°
out of phase, And this is something to ponder a little bit, because it is quite
significant,

If we ask when will the two currents be equal and opposite; that is,

if we ask when

,L'J_./f 2D

de 7
‘that will be the frequency for which there will be no electromagnetic propagation
through the plasma, Some kind of current is needed to propagate electromagnetic
waves, ‘You need some place to store potential and kinetic energy. You either
need-a displacement current or a conduction current of some kind. We will come
up to this again in hydromagnetic waves where we have transfers of energy from
potential to kinetic energy.
Set these two currents equal and solve for w:

£ Fo * P’}t’f2 1 }’,
- L/ C [ 734 - T ot - 74 he Z
o a5 mw[:o(:oswf _‘:j (A)p:( )
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Wp is called the plasma frequency, This is a characteristic time, If you perturb
a plasma with an electric field, say an electromagnetic wave, this is the character-
istic time of reaction,

The name ''plasma" was proposed by Langmuir and Tonks in a 1929 Physical
Review paper, Plasma has the connotation coming earlier from medicine that plasmas
were things that had to do with 1ife, and they guivered, This medium quivers with
the frequency Wp; hence, the name,

Obviously, a plasma isn't going to have this quivering property if the
collision frequency of nucleons with themselves or a neutral gas is too high, If

the collision frequency is large compared to Wp, then we don't have a plasma,

PROBLEMS
1, What is the Debye length in copper at room temperature? Can copper be
considered a plasma?
2. What is the Debye length at 200 km altitude in the earth's ionosphere? (Use

the tables given in the Satellite BEnvironment Handbook. You will find that

you have a choice of parameters, sunspot maximum, sunspot minimum, night and
day. The parameters will vary. One thing you will get besides the Debye
length at 200 km is practice in using this useful reference.)

3. What is the Debye length at 3 earth radii geocentric distance?
(a) What is the Debye length for the Van Allen radiation?

(b} And cosmic radiation?

(These problems are very simple, What we are trying to get at is when can one con-
sider single particle trajectories and when cooperative plasma properties must be

used,)
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4, What is the relationship between the Debye length and the plasma freqhency?
5. Derive the plasma frequency from the concept of a simple harmonic oscillator

discussed earlier,
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Lecture II

In a static uniform magnetic field,a charged particle is subject to the Lorentz
¥ e
force, In a magnetic field ﬁ, a particle moving with the velocity w is subject to a

force . _ﬁ,z_e(ﬁxé).

(w will be used for the particle velocity and T for tﬁe bulk motion of a plasma,) The
force is always perpendicular to,or at right angles to the velocity vector, so this
force can never change the energy of the particle,

Now balance the‘éentrifugal force against the Lorentz force: Take a case

where the motion is perpendicular to the magnetic field, then the centrifugal force is

. vvl + The particle will move in a circle,
Fe=7 =¢wB = a=%g

a is the cyclotron radius, Sometimes it is called the radius of gyration which, T
think, is an incorrect notationi radius of gyration should be reser&ed for pendulums
and complex rotating bodies,

Furthermore, since the velocity of a particle is equal to the cyclotron radius

r

times the angular frequency, we can solve for (J¢ |
NP 2
W, = aw, = W = o [
An easy number to remember, by the way, is that e/m for a proton in MKS units
is 108. A unit you will be using a lot for magnetic fields is the gamma, One gamma is
one millimicrowsber per sq meter.  Fields you will often be interested in are nor-
mally 10 gammas, This is roughly the field at about 10, or maybe 20 earth radii, or

perhaps the interplanetary magnetic field,
Now, for a plasma let's define a stationary frame of reference as one in which

the guiding center for a particle shows us motion relative to B. The center of the




SPACE SCIENCE 500 (Lecture II) 2,

cyclotron motion is called the gg}ding center of the particle,

REAT S
The stationary frame of reference this will define (which only works for a uniform
magnetic field) is the one in which the guiding center is stationary, The stationary
frame of reference is one in which there is no electric field perpendicular to the
magnetic field, and, if there were one, the particle would move such that it would
see no electric field,

Let's look at what happens to a particle. Say we have a magnetic field out
of the plane of the page and a vertical electric field, and you have a particle there
and you let go of it, It will start moving up along with the electric field, and then
it will be turned by the magnetic field, The particle will have enough energy to come
all the way back to the same potential from which it started, It will then stop and
- then go through the motion again and again,

Z ’ g E
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The particle will move perpendicularly to both the electric and magnetic fields,

How fast will it move? One easy way of getting the answer is to say that the
guiding center will not see any electric fields. You can usually transform into a
frame of reference where you don't see the electric field, In cases applicable to
the magnetosphere or interplanetary space, apparently you can always transform into
a frame of reference where you don't see an electric field perpendicular to B. An

electric field is produced by transforming the magnetic field,

i, —
:—U’DXB

My
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e
At the velocity W, relative to the magnetic field, the electric field will
- e =
counterbalance the applied electric field so that E +J0r xR =0,

You can see immediately that if we apply an electric field perpendicular to

a magnetic field, we are going to get a drift velocity which is

— —,
e = xe B, = E 2 .. £
Ve = j&1 T e ° T B 5 %0 Ini=F

-

2)5 is the velocity of the guiding center; it is the average velocity for the
particle, The motion shown in Figure 1-1 is a cycloid. The gulding center moving
along like the axle of the wheel at a constant velocity and the rim of the wheel poes
through these convolutions, You can get into the detailed particle motion -- it is
more complicated, and you don't really gain much from it except in specisl cases where
the guiding center approximation breaks down, but in most cases of interest, this is a
good approximation,

The guiding center moves with the stationary frame; it defines the stationary
frame in a uniform electric and magnetic field, and I stress that this is only true
for uniform fields, Now this is for a positive particle., A negative particle will

move in a motion mirroring that of a positive particle, It will move in the same
direction with the same velocity independent of mass or sign of the particle - it is
just necessary to have some charge.

If we have a plasma and a magnetic field and apply perpendicular magnetic and
electric fields, then the whole plasma will start moving as a body with the drift
velocity E/B with just the proper velocity to transform away the applied electric field,
If a plasma is moved through a static magnetic field, an electric field appears because
the stationary frame of reference is one where the plasma is not moving., This electric

field corresponds to

i

T
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Now, a new subject -- conductivity in a plasma. We are touching all these
things very briefly, but it will be enough so that when we talk about things like
magnetic storms and solar winds, we can discuss what happens quantitatively, If you
have a plasma, no magnetic field, and no collisions between particles ~- and you apply
an electric field, the particles will accelerate; they just keep accelerating and soon
they are cosmic rays, This is a rather trivial result, Also, if you put on a magnetic
field and apply anfelectric field parallel to B, the magnetic field has no effect.
Since [-? -‘:%@ X E and since E and E% are parallel, the magnetic force is
zero -- that, too, is not very interesting. A magnetic field is not s%jnificant if it
is parallel to the electric field, The conductivity parallel to E is usually represented
by 0, which is sometimes called the zero-field conductivity, The corresponding
~current is :;o = O EE + In the sarth's magnetosphere, inter-
planetary, and galactic space there is always a magnetic field so any problem of
interest will contain a magnetic field, Zero field conductivity for practical problems
is the conductivity parallel to the magnetic field, |

If we apply an electric field perpendicular to the magnetic field - 4% there -
is absolutely no current without collisionsi the conductivity is zero.

The whole plasma, plus and minus charged particles, will drift together in
the E% A Eg direction with a velocity E/B, Now introduce a few collisions., The

plus charges will tend to go along like that and every once in a while there will be

a collision,

g of b,(m
b e myyyyyfns tor& =5
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Figure 2-2 ha




SPACE SCIENCE 500 (Lecture II) 5.

-

A current J'i results where ji = T, £ .

This is a current perpendicular to the magnetic field, This conductivity is obviously
much smaller than 2N . <o is usually enormous, There is one more
conduc£ivity, T, » and we can see that as follows: (See Figure 2-2)

The plus charge has drifted to the right quite a:bit more than the minus
charge, So we also have a current qr; (see Figure 2-2), and that is called the
Hall current, It comes about when you apply the electric field perpendicula? to a
magnetic field, The plus and minus charges try to drift as a body together'Aﬁhere is
something like a neutral gas present for collisions that inhibits one of the two com-
ponents either plus or minus more than the other, LSEJ:: 0}’@?} and is
perpendicular to E and B, In the earth's ionosphere where there are big Hall currents,
it turns out that the coﬁductivity is negative-~that is, the electrons do all the
drifting and the protons are pretty well impeded by the neutral atmosphere, It is just
the opposite of what is shown in Figure 2-2, The protoﬁs keep colliding and are-father

well fixed, The electrons drift with the velocity that is some major fraction of the

drift velocity; thus, the Hall conductivity is negative,

We have the three conductivities: ¢, , ¢ C,

’

]
)
You can't have . .a o7 without having a () because you

£

need collisions, If you want to see what they look like in general, look on pages

42 and 43 of the Satellite Environment Handbook for general formulas for ¢, and &, ,

¥

I should give you the names of these conductivities, too, g, is called
the reduced conductivity or the Peterson conductivity. This came about as people were
célculating the current systems that should flow in the upper atmosphere and kept
getting the wrong answer by factors like 106. Peterson pointed out that there was a
magnetic field present, and this would affect the motion of the charged particle, They

named the conductivity after him,
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The Hall conductivity was named after Hall, the solid-state physicist who,
many years ago, demonstrated this effect in a laboratory experiement,
The general expression for any kind of current that will flow in a plasma for

any angle between the magnetic field and the electyic field is given by

3 = e, LE &1+ o [ E-3(E+&)] +0[Ex& ]

— o

|

R

where e o

)

Normally, any component of an electric field parallel to B is shorted out, but
here you want to exercise some caution., As Dr, O'Brien has pointed out, the way it
might be shoxted out is to create an aurora or something very interesting, So, don't
always assume that there are no electric fields parallel to B. No one has demonstrated
that E‘é # 0 s but no one has explained the aurora either.

— -

The current for the case [ B= 0O is
5 = G",E 'I-O"z(EXéAo) Y
This is the form that you generally see in the literature., The assumption is usually
made that there is no electric field parallel to B,

That takes care of conductivity.

Now I will tell you about power or rate of energy dissipation in plasma, Notice
that if there is an electric field perpendicular to a magnetic field, a current will
flow that is made up of 3, plus j?- . Thus, in general E and j are not parallel,

Force times the velocity is power dissipation, i,e,, the rate of change of
energy since the force on a charged particle is in the E direction, F';.. E ' j .

There is no dissipation for the Hall current. Thus,

Z

P = 0,8 = . j = (U é Xhe) = power dissipatienfunit vol,

Tl

e
~ U = power
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The electric field generally is hard to measure, but you can measure changes
in magnetic field that can be related to currents. For example, you can fly a magne-
tometer through a current systems, and, from the measured changes in wmagnetic fields,

determine the currents,

. a < 2 2 2 Z.
The total current is y 7 E o + L o,
2
. 2 2 _ R
solving for E°, E - & 2iq 2
\ ]

We can thus derive the power dissipation in a form that is only a function of currents

and conductivities,

U3 1is called the Cowling conductivity,

c,"'} é! . _!___ . % 0—-22
Giyo, b

If you look on pages 42 and 43 of the Satellite Environment Handbook, you will

see that the conductivities are a function of the cyclotron frequencies for ions and
electrons as designated by the sub=script e and & . There is another. (¥  that is
the applied frequency. Obviously, when you get to a very high frequency, if the
collision time becomes very short compared to the applied frequency, the conductivities
ave going to be altered drastically because the particle would just vibrate back and
forth many times between collisions., The collisions are obviously going to have a
different effect (which is expressed in these formulas). I just want to point out that
this discussion is for the case of uniform magnetic field, uniform electric field with

no time variations or pressure gradients, etc,

HOMEWORK PROBLEMS

(1) In the formula for the drift velocity, what happens when A e

E/p = § ¢ = light velocidy
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(2)

(3

Draw the trajectories of electrons and protons in a plasma in thermal equilibrium
showing the originﬁg::::::z:z:;;;zgf)sigma-l and sipgma-2, of the Hall current,
and the Peterson current (individual trajectories showing the plus and minus
charges).

Take the region over the polar cap where the magnetic field is perxpendicular to
the surface of the earth and the ionosphere. For the polar regions B is perpen-
dicular to the ionosphere, What is the angle botween the electric field and the
current? Let's say we just apply an electric field parallel to the earth, i,e.,
perpendicular to B, What is the angle between the electric field and the current
that flows at 100 km and 200 km? Just look up conductivities in the Satellite

Handbook and fill in the numbers,
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We are going to talk about 'frozen-in fields" - the terminology first suggested
by Alfven, There is a very good discussion of this in Spitzer's book on page 40,
Later on, for example, when we get to the Van Allen radiation, you will see that there

are many conditions under which this concept doesn't work, It is good for uniform,

P

sigggﬂgxipg, énd highly conducting plasma, The idea of a frozen-in flux is that if
a highly conducting plasma is imbedded in a magnetic field, the plasma behaves as if it
- were glued to the magnetic field lines. If you try to change the magnetic field or
move the plasma, the plasma will move in such a way that the field and the plasma stay
together, It is as if you had superconducting loops. The flux through the super-
éonducting loops will not change.

Let's take a two dimensional surface in the plane of the board, moving with a

velocity dr/dt relative to a fixed coordinate systom,

ol —

!

40

There is a magnetic field coming out of the board at some arbitrary angle that cuts
through this surface. The flux through this surface is the surface integral of B, which

we will say is the function of both r and time.

¢ = S By d3
Surﬂncﬁ
B can change with the radial distance, and it can also change with time. ds is an

element of surface area, If we integrate over the surface, we will get the total flux

threading the surface,
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Now we can write the rate of change of flux through this surface, There arc
two reasons it will change; (1) B is a function of r if the surface is moving and
the field is not uniform in space, (2) Likewise, if B is a function of time, the flux

through the surface would change even if the surface stood still, So, one can write

two equations for the change of flux with time, y _ .

i

w B A
(‘3——‘?) = YBan-ds A
St { C)E.
0// d/f e )

(2) Dtd) - . S, IV“ t
(;—{2)2 — % (_,;(r‘,(,)o o X(J’Q ) 4(\-;\‘%‘\)‘{8 'JS‘

Here cﬂﬂ is a unit of the line element around the surface.

Now the total change in flux per unit time~-the total derivative is

%;jt SB(Ft) Js—i—_{gs(ﬂ) ( ){\JPQ)

We will use the approximation that we are always going to use in these prob -
that E/B is less than the velocity of light,
We are going to assume an infinite, perfectly conducting plasma so that the

plasma will always move such that

Solving this for E and combining it with
o B
VXE =~ g%

we obtain

Q...-‘Q..a
’-'-’I
I
<
>
o —
A
"
oi
e

3
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Substituting this into

(R

¢, 2B dTy § 547 A7

.

) 4t o .
c[‘t ‘SdL o O ol

we obtain

£ fonmam) de s GE ATx AT
it )3(\, xAFRE Y. d § 4 %b JT:K(JQ

Interchanging the dot and cross products and applying Stokes' theorem to the secon d

part of the right side of the equation we obtain

CP (p v P - (,‘ l’: . _
ki T NiJ X ]‘:’ 2 .IS L. 2 ' i:::"} -
d+ S;S('§7 3)ec F %%S (f7)((xz: X ) . of S
{ g - .
fi{s =0  only /# dr .
dt dt

This means the rate of change of flux through this arbitrary surface will be zexo if

_ the surface moves with the plasma, Thus, if the flux doesn't change and we are moving

with the plasma, then we can say that the flux lines move with the plasma, It is
dangerous to say you have identified the flux line and these particular magnetic lines
of flux move with the plasma. There are many cases where this is a handy concept, but
there are also many cases where it doesn't work, It has its use, for instance, when
you get an infinitely, highly conducting magnetic field stuck in a plasma, The real
use of this concept is to think of highly condqcting plasmas embedded in magnetic

fields as being tied together.
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This morning we will discuss plasma pressure acting against a
magnetic field. A magnetic field also can exert pressure which is

- B
P - .2',“0
This is either the magnetic field energy density or the magnetic

oy
pressure. Assume a unit area column of plasma moving with a velocity y, .
If this column strikes a magnetic field, there is a momentum trans-

ferred every second, P =(f YT

That is, evexy second a column V¥V° cm long will strise the wagnetic
field and transfer a momentum @V, If it strikes a.d doesa't bounce
raex, it just sticks. If the plasma bounces back, the pressure is

Zf’U‘L . If it scatters to the side, the pressure is iacreased by
a factor of 1T/2 . or something like that.

I am giving you the results first, and thea I am going to demon-
gtrate it. Whea the parxticle energy density or the plasma pressure
exceeds the magnetic field energy density or pressuce, the plasma will
- dominate and will push the magnetic field around -~ the plasma will
push the magnetic field aside, push it out of the way, carry it along --
anything the plasma wants to do, it will do and the magnetic field will
just go along for the ride,

Now in the other case, when the magnetic energy is dominant, the’
magnetic field controls the plasma. For example, the Van Allen radiation
trapped in the geomagnetic field, or mirror machines that contain 2
plasma. The magnetic field controls the plasma. This is a very power-
ful tool. ALl you have to do is to decide whether the particles ox
the fields are in control to get their energy densities. The one with
the greatest energy density will dominate.

Let's take a very simple physical model to demoanstrate the idea:
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e Ny R

[P U T AN VR SUNP SR IPRIR. B

Fig. 4-1

e
A surface S; wagnetic field B coming out of the paper; particles come
thru 8, turn around and go back out; and plus and wminus charges of the

same mass. Ag a first approximation, we will say the particles move
along the arc of a circle with a cyclotron radius a.

Let us just pick another surface perpendicular to S: the surface
R. Any positive particle that strikes within a distance 2a above R
will pass thru R. |

Now, what we have to do is relate the current'g to the particles
going thru S and R and then relate the particle flux to the magnetic

-
field. The surface current density j is 3 = N, %+ W, +n ‘%*102

Any negative particle that strikes the surface S within a distance
2a below R must pass through R. Likewise, the positive particle that
strikes within a distance of 2a above R must also pass thru R. If it
is further away from R than 2a, it can't make it. So I know that the
weaiker gris, the bigger the current will pe because the cyclotron
radius a will be larger.

an.Right away you can kind of see how th.s is going to come out; there
is /inverse relationship between this current and the magnetic field.

The surface current density is defined as the current flowing

thru an area 1l wmeter out of the paper and whatever distance to the
right of 8 is necessary to include the whole current. The surface
current density is neW times 2a. In other words, the flux of the
particle striking the surface within a distance of 2a gives you the

current.
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M
EE; and T=new(2a) 1) = surface currcent
deasity . 2N LW mwiw Zmnw?
Sw‘g - B - 3
The current density is now in terms of the plasma energy deasity and

Siince a =

the magnetic field. This current tends to cancel the magunetic field
to the leit of the current and reinforces the magaetic field on the

other side. DNow, let's ask the question "What current is required to
just create a balance where it exactly cancels the field on the left

and, conversely, doubles the field on the right?"
-

Since g x toake a line integral around J:

Ro=)

5;@; &ﬁ = 1f5(LJ :/HO.I
I

.

but -
u = Tsued = J o< 2B
9]
n B - An W1002' .
Therefore, J_ - Ao 2 =
% s
5 - —

Py - A

This is a condition for eguilibrium where the plasma pressure is just
barely balanced against the wmagnetic {ield. When the wagnetic field
has the greater energy density, it will push the plasma arouad; if the
plasma has the greater energy density, it will push the field around.
This is the fundamental idea that will come u2 again and again. This
is the mechanism.

Now, we want to talk about magnetic diffusion thru a plasma, and
I am afraid we won't get all the way thru today.

If we start with Maxwell's eguation

S e -~ L 2C

VAR = Moy + %

and taize the curl 9 -

e
o
{
N
O
<
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e
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In order to solve this equation we have to know the functional
relationship between-g and 3. As we showed earlier in the dis-
cussions of conductivity, E and ; are not necessarily parallel. 'The
angle between E and 3 depends on & and G} . This makes the
p{gblem very messy. The problem would be greatly simplified if

E and J were parallel, i.e., j= O‘“E R

-
So, first, let's get a relationship between E and j, and then come
back to this equation and put in whatever we come up wich.
Let's take another model: We have a uniform magnetic field and

in it we will put in a bubble of plasma such that the ukT, the energy
density of the plasma, exceeds the magnetic field density initially.

The field lines will be bowed out as shown in Fig. 4-2,

g

£ due to 3“% inside surlace,

S‘)h votal Bubb‘e

What I have here is a bubble of plasma, shown by the dotted line,
and a uniform magnetic field that has been pushed aside by this

olasma bubble. A surface S is drawn thru the bubble and is perpendimi-
lar to the magnetic field. After we put the bubble in and let go, the
magnetic field lines start to move in toward a configuration of mini-
mum energy--which is one in which the magnetic field lines are all

- 18
varallel. An electric field E/around the bubble because there is a
v -
dB/dt as the field lines move into S. Call this E.

Fig. 4-3 shows § redrawn so that § is in the plane of the paper,

-
i.e., the whole configuration is turned 90°, and B is out of the paper.
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I DU usion of
- S / magnetic Lietd.
) ©
©
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: £, 0%
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B, 0
& 33
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Fig. 4-3 o ‘d f? ' G[jj"
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1f we say this radius is X then 3 - ;QJH e

- l,i‘,' 9;/ lf e 274

‘[‘_E 1 _a_‘__, . d% //,(1) 4

T oaTra It
E1 nxoduces a current, AR E. and a Hall current directed
towards the center, 31 = G, E, . But we are golng to get

+his Hall current all the way arouad. In other words, we have a

complete radial flow, either in or out (desending on whethexr 03

is plus or wminus), and we have a divergence of charge in the middle.

This can't go on. A polarization field B, will be built up so that
a E:“Z ‘:"0.?!. Es

There is no net current flowing toward or away from the center in a

) 1 S il - G-v e
steady state. We can solve for Ezg o = 5% £,

E, also causes a Hall current which is 02 €2 .
All the o3 are the same. They just resaresent the conducti-

vity in a direction perpendicular to the electric and magnetic field.
We are about to come up with something exciting. Suwming the
two currents . - = -~ G, * -
. ! Jdotal 0‘2.[:2-'{-0_! E.'”(G‘.;Jr&%)E,:rjt‘
L]

—h

~)“oJﬁal = 03 E
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Not only is - ;}total related to a conductivity that we are already
- -

familiar with, but j and E are narallel. It is just what we wanted.

We probably couldn't have solved the problem otherwise. I am not sure

we can now, but at least there is 2 chance.
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We have shown that the electric field and the current are parallel
even though there is a finite o, and g, , a rather amazing result.

The equatlon we wanued to solve was

Y, AT
If we take the curl of both sides and substitute 5:0’*35

@ IX(IAB)=V(viB)-v2B-vsa ‘VX@J*JJ(VXC)

-

The term 7 (7~ ,3) = O . Bubstituting ¢xZ -_—._.31:’;
into eguation (1) and multlplylng by minus one we obtain df
(2) VB = 41,5 JB A al"F? e
EY C:l 3tz S -
Once we have shown .. : 1 that the currxent and the \magnetic fieldT:)_
were parallel (Jjust the standard Ohm's law type conduct;v1ty¥”“" Wave J
equation and a diffusion equation result;_ The diffusion term is
iy, jf and ’ch.e wave term is c._f..z. i_’if.i . The gquestion

arises as to which of these terms dominate in conditions of geophysical
significance.

What we did here was pretty much the standard derivation for the
velocity of light. If the coaductivity is 2ero, we get just the wave
equation for the velocity of light ia a vacuum, |

If we take a time-per%odié:case where we assume that

B=Boe*“” |
and supstitute this eguation for B into equation (2), we find that the
diffusion term is important when (g, << | + where (O is the wave
frecuency. A g

Let's take the case where the conduct1v1by is sufficiently high
)

that ¢’~JC‘_'3 << | » and substitute 5; 8°e ¢ into

egquation (2), so that

Vz g -‘:ﬂbc}g A: wé?r
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The solution to this eguation is
e itk TS
~Jyodw ¥V

EBSZ ESotZ
where r is jugt the radial distance into the conductorx.
‘ eyt
What we have derived is the #adie skin depth. This ig what the

skin depth means; in the time of one cycle, or sowme fraction of =a
cycle, given a plasma with some conductivity, the magnetic field will
diffuse into it one skin depth. The formula for skin depih is ordi-
narily given as 6— ' o
s
J gt

We are now going to talk about hydromagnetic waves  considering

an allprevailing plasma in a magnetic f£ield (I will use the concept of
frozen~in flun that we talked about earlier where the plasma is tied
to the field lines). I take a field line, draw it up, and let go,
then the analogy is that of the guitar string. The wmagnetic field
tends toward a condition of winimum energy which is when the field
lines are straight and uniform. Faraday used to think of magnetic
field lines as stretched rubber bands, and that is a very useful
concept. Thus, the plasma loaded wmagnetic field will vibrate like a
stretched string; waves can travel along the magnetic field lines.
Anothexr way to generate a wave is8 to push the field as shown

in Fig. 5~1 and generate essentially a sound wave.

B

e 1 OF

Fig., 5-1
BZ
If we use the condition where 15?2;““ is larger than NKT ,
o

that is, the particle pressure is negligible and the magnetic pressure
determines the restoring force. fThe result is a hydromagaetic wave.
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The trangverse wave propagating down the field line is the one
that Alfvea originally discovered in his first publication. This is

called Vg for the Alfven velocity. The other mode, also shown above,
propagates with the velocity if 53/2,1»/0 > NkT . Now they

are all referred to as hydromagnetic or Alfven waves.

Alfven's contribution is really amazing because, if you look at
what we just did, we first derived the Qrovagation of waves ian a con-
ductor and found they would penetrate only about one siin depth. If
the conductivity goes to infinity, there is no penetration at all;
that is, it wight be said that there can be no electromagietic wave
propagation in a perfectly conducting fluid. Yet, that iz not true.,
Oace you see it, it is rather obvious and simple that you can props-
gate, under certain conditions, electromagnetic waves in perfect con-
ductors -- in fact, there are several ways, and tnis is one of thenm.
But it required special couinditions, and Alfven was sble to find these
conditions @nd demonstrate them. It is one of the big break-throughs
in astrophysics and snace science in general.

Let's do a derivation just to show that these are electromagnetic
waves that have many oprojperties of an ordinary electromagnetic wave
but that can propagate through & medium of infinite conductivity., Let's
start out with a uaiform magnetic field and embedded in it is an

infinitely conducting nlasma of density &7

B

2 S

vyv Yy

o}

Fig, 5-2

If a current j is run perpendicularly to B as shown, then we know that
there will e a force of (3) F - ,'})(B T ol = 2 "{_’.‘f

d ¢
This is one of the auxiliary equations that defines the properties of
the medium.
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Another auxiliary dquation is E+/rxB8=©
In other words, iﬁuag\ electric field is applied, the plasms will move

in a q1rectloﬁ/v ® B The motion of ‘the gyuiding center is such as

to cancel the applled electric field,

One other condition is that, since it is an infinitely conducting plasma,

-

E:B = 0, so we only need to worry sbout components of E perpendiculayx

to B. Taking the time derivative of ﬁ, we get

4) JE L TR W, F

One condition I was mentioning wes that the background field is
very strong. Ve are only going to perform small pertufbations on a
very strong, uniform field. The velocity, as the field lines move
back and forth, will go from zero to some small finite velocity and

back to zero. Where the magnetic field is strony, threre will be a biyg

background field and small changes from it, MNow, the &“Qgﬁ. and
the ‘%%élt terms are about the same order of magnitude. ButB 1is

very large because of the strong background field and ;ZF is usuallsw

close to zero. We have no initial velocity, just small perturbatios:

from an initial state. The term o X 3?? is negligible compared to

;r- AE? because there is a strong background field, B, and
tad
there is no steady velocity.
Now we can take 27 _ .1 X i3 from .eguation 3 and
= A X
AT < 7
put it in eqguation 2.
7z v O - / T T
(5) SL o B 25 ([XBYAE
AT Jt
If you work out the various_vectors on how things go, you can find out
that § is parallel to +§%§ rather than at some anyle to the el-- -
tric field, Also, J- must be perpendicular to B, Therefore, we
can drop the vector notation and can write
- L
(6) Q£ . 45 when'j 15 pREALEL To 3 B AN
- o £

t PERPENDICULAR 7o 8,
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s

In this c¢ase, you want to solve for the current j which is
= ’
) j= £ 4
| g It

Now we can put the vector notation bacik in because we have already found

~ £
that j and.%g are parallel.

<

Now we are in a position to proceed with the derivation of the
velocity of electromagnetic waves in a plasma. Starting with Maxwell's
equation
(6) VXH= L(7x8) = 44 20

Ao 3t

Rewriting Maxwell's equation in terms of B and E and substituting

equation 7 for the current j, we f£ind

s

(2) 3 - 2 JE JE
VX3 = fﬁéz e 4 Ay €, 2L
B at ST

Now another amazing thing has happened -- we have gotten the conduction

current in phase with the displacement current.
This is truly remarkable in that something we did to the plasma
brought the two currents into phase. e just went through deriving

the conditions for an electromagnetic wave in a conductor where

(10 R
4

and the conduction current was 90° out of phase with the displacement

current, There is all the difference in the world, well, there is
90° difference between those two. Equation 10 leads to a diffusion
term rather than contribute to the wave propagation.

If we take the curl of both sides of equation 9 and multiply by

minus one, we find that

VQ‘B :/6/0/& ?{2!:? J ﬂ_/.. ‘L"I‘Z/:
5T dz? ctlodet

Both of these terms are wave equation terms. #We get a wave velocity

which will be called the hydromagnetic wave velocity which is

)

g e

- / e Z
Vh ol //’_'.fﬁ_// A “*j—z -
| 372 C
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HOMEWORK

Problem 1: G€>

Take into consideration the /£;>\ CZJB

fact that the particles crossing

the R plane do not cross perpendi- /AJ
cular to it. How does this effect e s e

the current?

Problem 2: ! } ) \
If we have a sphere of plasma - /
in a magnetic field and the sphere _ ’//

is enlarging continuously with

time
a. Does a current flow?

bq Is Elj = O
¢c. If it is not zero, where
does the energy ¢go?

Problem 3:

From the data in the Satellite Environment Handbook determine
whether the diffusion equation or the wave eguation will dominate at
100 km altitude and at 300 km.

Problem 4:

In the derivation of hydromagnetic waves, what did we assume or
do to the plasma to bring the current and ¢ into phase. That is,

why did a wave equation result rather thanég:diffusion egquation?
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Last time we obtained for the vélocity of an electromagnetic wave in
1

—
V= R Ry
Br CF

Now, if we have a sufficiently high density and a magnetic field present

a plasma,

(a large magnetic field) so that Ajoﬁﬂ/gi?is much greater than cz, then

we can neglect 1/c? and write the hydromagnetic wave velocity
&)

Vhm= s

Both a magnetic field and a plasma must be present. The form of the
equation turns out to be rather fortunate for most applications in space
science. B, the magnetic field such as the magnetic field of the earth,
is usually known in most places to . a factor of 2 or so. The density
you know perhaps to a factor of 10, but, since it is the square root of
the density that matters for Vpy, that means there is only a corresponding
error of 3 in the velocity. The thing we don't know very accurately is
only to the % power, and the thing we know more accurately is the domi-
nant term. Generally, you can define the hydromagnetic wave velocity
within a factor of 10 or a 100 in most regions of space.

In the derivation, there was no stipulation made as to the direction
;f propagation relative to the magnetic vector. This derivation applies
for electromagnetic propagation or hydromagnetic wave propagation in any
direction relative to B.

One condition for propagation of a hydromagnetic wave is that there
must be a magnetic field. 1If E'goes to zero then, from

Pz ﬁ;({xé)xs

-

we note that (3% is zero. We know that /4 1is not zero, therefore
Gléﬁgf- is zero. The medium just doesn't wove. The whole derivation

" no longer applies.
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Another condition is high conductivity. We have already seen that
there is magnetic diffusion in a plasma, and if we have a poor conductor,

the plasma won't be frozen to the field and you won't really get the
hydromagnetic waves.

Another condition that we didn't talik about at all is that the wave
freqguency (&J has to be less than LLQ;, That is, the applied Efreqguency
must be less than the cyclotron freguency. The reason for this is that
we have a particle going around the magnetic field lines, and if we move
the wmagnetic field appreciably in a time less than the cyclotron oceriod,
the ion will not be able to keep up with the motion of the magnetic field.
That is, if you send optical radiation (light) through a plaswma, the ions
are too heavy to move, they are too slow to follow these fast perturba-
tions.

One.condition in which #rozen-in flux doesn't apply is for very rapid
changes.

The last condition (for this particular derivation) is that the
particle pressure be negligible compared to the wmagnetic field pressure.
The forces tﬁat we considered are all wmagnetic -- we don't have any
pressure gradient forces which should have been included if we are going
to include particle pressure. If we were going to include particile
pressure in the siwmplified derxrivation that I gave you, we would have to
include pressure gradient forces in the initial equations.

If nkp 1s less than B /?[Jo, then a hydromagnetic wave will propa~

gate in the B direction only i1f it is a sheer wave.

Fig. 6-1

EHEER WAVE
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I am going to go through one more derivation for hydromagnetic waves
that is guite independent .. the orevious one and again different from
what you will find in Spitzer. It will give you more physical insight
into what the hydromagnetic wave is. The first derivation showed that it
was a form of electromagnetic oropagation, a very speclial iform of electro-
magnetic propagation where an electromagnetic wave could propagate through
a perfect conductor. 7

Take a unifoxm magnetic field and compress it (as shown in Fig. 672)

with a superconducting w»iston.

e WY R

‘ 4
\7T777777 ek
/ v

A /]

Fig, 6-2 4

This compression will propagate tchrough the plasma. The magnetic
field will compress locally first and this compression will propagate iato
the »nlasma much like a sound wave. Ag a very dgeneral proposition for the

propagation of longitudinal waves lise thisg, you can write the velocity

- 5"‘“ ';;

If you have a medium with a comoressibility and compress it suddenly,

of propagation as V = ((., | P2 )/2

this ohenomenon (the comoression or the signal) will provagate through
with this velocity.
If we take the condition that

--__.B.....—a > h KT

2 4o
cthen the pressure is just a magnetic pressure, tj// 4{, - That is, &all
the restoring forces of the medium are due to magnetic pressure. The wmass
of this systewm is the mass of the particles. If we let the wass density
go to zero, by the way, there is still an energy mass left (relativistic).

You have a certain energy density, and since E = mc? and you can assign




/
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an m by equating the energy in the magnetic field to a mass, velocity of
light can be derived.

The mass density is the ﬁ9 of the plasma. If we have an infigite
conductivity, the plasma is frozen into the magnetic. field so that B/p
is equal to a coanstant. B = constant
When we gcgueeze the field, the space between the field lines decreases,
and the field strength increases proportionately. The space in petween
ions decreases, and the ion density iancreases proportionately. But notice
something interesting here -~ you don't get any change in the particle
spacing in the direction of B (See Fig. 6-2). There are really only 2
degrees of freedom shown in this model. There is no coupling between the
degree of freedom in the direction of B, and the 2 degrees of freedom in
the plane perpendicular to B . The magnetic field pressure is hydrostatic.
If you compress the magnetic field, the field lines will arrange them-
selves so the spacing between field lines in the plane perpendicular to
the compression is { - equal. Since the plasma is frozen to the fluid,
then B/» is a constant.

The velocity of the disturbance is not the velocity of the piston.
They are not necessarily related -~ the amplitude of the disturbance is

related to the velocity of the piston, but not the velocity of the dis-~

turbance,

This field is By before it is perturbed and the density is A5, and
since the ratio is a1§onstant, we can write B :jggkﬁ. Therefore, the
magnetic pressure ji_" is P - §E¥ifii__

}JMO "?,{4/0/‘3&

Now all I have to do is take the partial of P with respect to /9 to get

the velocity:

z P N
V = élw* = giﬁ-w-z_

9 e
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(5%
Since the werturwvation is small, you can write that /?:/Ci £ NS /33
If AP P : B°
yE E=
ALy
Now you should have a very good feeling for this as a form of sound wave.
And we can even do better than that.

If we wanted to look at this as a wmodified sound wave, you can find
that the velocity of a sound wave is (1) Vo= ( 5’/—5— ) /I'/:-
where gewmmgls the ratio of specific heats. = Cpjey, .

Beifore Laplace, people used to use (;;-)01 which is Newton's
result, for the sound velocity and then wondered why the theory and the
experiment didn't match. The 15% or so errxor they wmade was due o the
fact that when a gas is compressged, it heats up, the rms molecular velo-
city goes up, and the signals propagated faster than expected.

de itnow & here, because I mentioned earlier that there was one
degree of freedom that in this model doesn't interact with the other two.
There are really two degrees of Ifreedom that we are cuncerned with -- the
third degree of freedom is of no consequence in this problem. The enexrgy
and the velocity, and the density in this direction could be anything aad
it wouldn't affect the problem, and it won't change when you compress the
gas.

Gamma is given by a general thermodynamic argument -- it is the
numder of degrees of freedom olus two divided by the number of degrees
of Zreedom. zfﬂ LfLi
Here we have said that we are only c.ncerned with 2 degrees of freedom,
so 2 4 2 divided by 2 is 2 -- and gamma is equal to 2 instead of the
usual 5/3rds. I might mention that I don't thianlk gamma is egual to 2 in
‘real cases that you run into in space science. The wodel shown in Fig.6-2
ig very ideal, ideal where there is no coupling ovetween modes, there is
no turbulence, no radiation, and no ianstability. I don't think thalt ever
happens. Ia real cases, I think you ought o use gamma of the order of

5/3 (although I can't prove it).
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Let's go and put this gamma into equation l

Z
(:2)("/2;‘);2‘:(;2. )L/p> ,/Jg/"

Up to now we have assumed that the plasma pressure was insignificant,

i.e., we used only the plasma mass-loading and .the magnetic pressure. Now

let's take the case where we consider the plasma pressure is comparable
to the magnetic pressure and go through this ﬂgaln The total pressuxe is
P2 BB ue 0TS
or, since n = -ﬁ‘- 2= B o+ PRT
The wave velocity, as belore, is | :(?;zy) %’ It ig well to note

that A eand T are related in an adlabatlc comore331on by the relation-

ship’ 1ﬁ7§( KZZKJ SQJM&QQ for | 5 )’i we obtain
oL P —

- d’K’f

ST AT

fr If the plasma energy de n51ty is greater than the magnetic field
energy density, V will be equal to the ordinary sound propagation velocity
and if the wagnetic field dominates, we get the hydromagnetic wave velo-
city. When the energy densities are nearly equal, the resulting wave
generally goes by the name of wagneto-accousgtic, which is an obvious
“terminology.

There are several other hydromagnetic wave names with which you should
be familiar. As we have shown the Alfven wave (the transverse or éheer
wave that propagates parallel to B) and the compressional wave (the longi-
tudinal or sowmetimes modified sound wave that propagates perpendicular to
B), bog? have the same velocity, \/hfh - wjéz:m
if 22 NS> VKT [t0?

240
This wave velocity is sometimes called the "fast wave"; note it is iso-
tropic. There is another wave that is called the "slow wave." 1Its
_yeloéity is lé;: Lémﬁca5GQWhere - is the angle between the wave
;irest normal and B, Actually, the slow wave is really a pure Alfven wave

generated with obligue wave crests as shown in Fig. 6-2., The energy
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Fig. 6-2

of the wave (the Poynting's vector) is actually proragating in the
direction of B, but the obliquely displaced wave crests give the apvear-
ance of a wave propagating at an angle £ to the B field. Thus, =
polar diagram for the velocity of the slow and fast wave may be drawn

as in Pig. &~3

P S L EasT WAL

\. X o
~— \L__ﬁ,_h oo w Aip e

par S, P

Fig. 6-3

Now we will discuss magnetic diffusion times for a couple of garticu-
laxr ceses. The last time we tallked about magnetic diffusion, we ootained

718 4 258
P
The time dependent solution of this equation depends upon the initial
condition; there isn't any single answer for this differential eguation.
But, if you specify the initial conditions, you can always give the time
dependent solution to describe how an initial B configuxation through
space will decay away. ‘
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Let's take two simple cases and show how this might work. We will
get a couple of answers that will give a feeling for how magnetic fields
decay over a given scale length. For an initial condition, let's assume
that we have -r/e

B.i=0Bo€
,ﬁ is the distance over which B drops %ge%/e of its waximum value.
We set up this field configuration and/turﬁ off whatever the forces are
that maintain this distribution. § deceys away as the energy of igt%?l/o

is dissipated in the form of E.j. _ ;é e

This equation is satisfied by - R= R, @
The characteristic time for decay is
A
S
(‘_‘ = /{'/p 65’5

This is a very interesting result because, for one thing, it shows
that we do have diffusion because ‘?& is proportional to‘;Q2 ~~ diffusion

is like a rvandom walik.
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Assume a uniform magnetic field wmodulated with a small wave

-
vector bo sinusoidally so that a hydromagnetic wave propagates.

A } A A M lsﬂéo

ko ™\ B=B_+ b_ sin wt

[/

Fig. 7-1

. - - e

From the Maxwell's equation, ¥ x B =#Mo) (neglecting the
digplacement current now; we are in the hydromagnetic wave mode
completely) and by taking a line integral around the surface, a, b,

¢, 4,

"y

Fig. 7-2

it can he shown that the waximum current for a sinusoidal hydro-

magnetic wave isg

e

. ﬂfﬂ«th
Joj = Mo A | /

: y
xuihuﬁg¢u%' 6%&4\¢L£%£
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Now we will study hydromagnetic wave attenuatcioa,
Assume medium thet is slightly resistive, that is, the coa-
ductivity is not in#inite, and let's see how Far the waves can
propagate pefore resistance, operating on the current, wmakes the

waves fade awoy.

vl l
P: C)a‘mf; - -—?—L
G3 207
o prte A day e 4 et : 27 b . . o
Substituting 3“ - v gz b P Qé; we obtain
o] L0 3
1, Z
7T T Ay

FD - 5 (power dissipation per unit
O3 tio® N volume).

The enerdy stoved per uait volume in a hydromagnetic wave is
’er’l.
W - 22
S .2/{0
To get the time for a wave to decay to 1l/e of its initlal ampli-
tude, one simply divides energy ia the wave by the rate of power

dissipation.

2
W .__u..’(“l. C's Mo" M - Mo T3 D
T e 7 2m 2752 Ay * Am*

In Lecture VI, we showed that the tiwme for a magnetic
field to diffuse a digtance f through =z plaswa was givea by

oGy 4™ . If we let (’j= f__"—\ we may thins of

N

atteauation of hydromagnetic waves as wave troughs and crests
diffusing into each other and amihilacing each other.
RADIATION PRESSURE - Assume a bacigrouad field E; and

modulate it with a little field, bo' which is a2 sine wave so that
— -

B = B+ b, sin wt. The radietion pressure is the energy densi+
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due to bo: energy deasity and radiation pressuve are the same

things--& force per unit area is the same &s energy per uait

volume, N
By ;:.\tfﬁwj\:/ -%F%%MW T b
]
%t‘ - wall
4 —
Fig. 7-3

B = B -+ P 1] oo =
B BO P_sin wt ; D j@ s
B? B02 o’o bo2
5 =3 + sin wt -+ E***sin wi
/{LO ’/‘o /MO /uo

Now we have to average this over one complate auverlia -
£ind out what the average energy deasity is, i.e., the avera

O\.

-

I
L

pressure against the wall (see Fig., 7-3). The average isn'
the average ol sine squared over one cycle is %. You know thin
because sine squared plus cesine squared is equal to one. The

average of each of thesze wmust be % pecause 5 + 4 = L.

2 B 2 bg-
2 ] average = 2 4 ims

The kinetic energy of a hydrownagnetic wave may pbe derive .

as follows:
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This is the sawe as 7fow the magaetic energy deasity. Therefore,

the cotel energy density is : L2
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Also, note that(v ==V .
L\ B hin k
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Notice that the radiation pressure, the excess pressure
: " L] : 2 s '
against the wall due to the wave, issthe order of the energy

density of the weve.

THE CONCEPT OF MAGNETIC TENSION -~ «~e have, say, two pole

pleces separated by a distance X and zssume a uniform Field betweea

them. I¥ the pole pieces have an area A, the totel magnetic

energy vetween the pole pleces is:
. ‘ v
— .Eé_ Fq X &
&= o ve . MG
YV B A 1top
Y, s ‘%& 8 am_
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The energy per unit area or pole piece will increase
linearly with . 1In orders to increase the energy, work must be
done. Work is force tiwmes & distance. Thus, to solve for the

force, we take the derivative.of both sides.

po= S0 Fo= S0 Bz\\ Newtons MEL_ WT,
A dx A dx 2n 2 S o
Mo) M 2 P

T it
e

s ﬁ//

The minus sign signifies that the pole pieces are being gulieé\;
together.

This is an interesting result. In other words, the
magnetic field exerts an ouitward pressure perpendicular to the
f£ield lines, and an inward pressure along the field lines of a

uniform wmagnetic field.
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Todzy we will descrine = geomegnetic field as it would
aapear in a vacuuim with only currents existing in the eaxth's
core producing the #ield, aad, later. we will telis about verture-
ations due to trapped redircion, solar winds, eic.

The earth's field is generelly cuite dipolar. The devie-
tions srom Alpole~line characteristics ¢ve oi tne order of 1%.
Thare are a rew localized regions where the Jeviations awe much
larger {i.e., wagnetic znomalies). On closer exsmination,
however, it is Tound thav che magnetic center o:i the earth is
displeced with respect to the spin-exis o. the earth. Megneilic
meaguremnents that axe worth very much have oaly been made iox,
sz, the past 12C yecss. During this period of time, the yeo-
magnevic rield axig has beea ofi-ceater and tilted with respect

TN

©o the spin axis (see Pig. 8~1) /

,\'/—-

\
(Wote: Bhow dipole * o \
pointced dOJﬂ)qf

e -

Figa .)"'l
Az sny point on the earta's susiace, the geomagaetic

field changes; these changes eve called the geculas change. The

deift of the earth's mein dipole woment due to thig secular chengs
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are shown in Panle I. I woulda't take these numoers, especiall
1% Y

the first two, very seriously, out the last two are really rather

good, especially the yearly drift.

TABLE I

Yeoy Distence OLf Spin Axis

SAB . L s . e o s e s s s s . 285 um
355 . . . ¢ 4 s 4 s ¢ o« . s . .308
1927 ¢ v o o ¢ e 4 s & s s . . 365
1945 . . . . . .« + o+ .« .« . 330
1955 & & .+ . o o e . e . s s . t435

a

The secular change is not very important over a year or two,
put, i€ you are doing accurate worik, or over geologic time, it
is important.

This outward shift of the dipole away from the earth shown
in Teble I might affect the Van Allen radiation and the system
called "BL cooxrdineates", Thus, if you are using 1955 geowmagnetic
data and you are working in 1963 ox 12064, then have a look at the
magnetic data if you find some inexplicable errors. Don't trust
the gtufs that comes out of the computer as gospel.

That these changes are significant over geologic time is
evidenced frum the magnetizgation oi sediments that have hardened,
pieces of pottery, etc., thet show that the earth's field reverses
about every 10,000 years or so. This is consistent with what is
shown in Table I. This iind of wmotion in a hundred years wmay well
lead o reversals every 10,000 years, or at least major changes.
The earth's field is about 50,000 gammas; a secular change of
only 10 gammas a yeazr would reverse the eagrth's field in only
5,000 years. We will have & new harmonic analysis in 1965, I
wight add, so we will know very shortly what has happened to the

geomagnetic field lately.
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Lest time we talked about the displecement of the magnetic
center of the ezrth and how it veried with time and the secular
change,

The seculer variation was discovered in 1335 by means of
deta obtained as early es 1530, &nd yet todsy there is no ides
at all &s to whot causes secular variation. The maynetic field
of the earth is thought to be currents flowingy in the eerth's core,
caused by convection-type currentsT—selé—excited aynamo currents
they are called--flowinyg in the esrth's core. Since the esrih core
is conducting and the esrth is rotatiny, there could be some dif-
ferentisl rotstion in the esrth's core. Such & model con account
for the earth's me.netic Ffield. However, these convective motions
have never been shown to be stable. Perhaps the 10,000 year life~
time I wes indicetin, earlier for the esrth's mecnetic #ield is
the characteristic instsbility period -- maybe the motions are not
really stsble, and it 211 oes to pieces every 10,000 yezrs or so.

Briefly, it is thoucht the esrth's {ield srises 2s follows:
you start with a very weak field, say, the interplanetary megnetic
field and » spinning planet. The planet very gquickly wraps up the
field anc¢ works on it. Ener,y is teken from the spin-motion to
compress or increase the m:. netic field. The result is a dipole

ield.

)

=

For example, Jupiter, which is spinniny very rapidly, has a
strong maynetic field. The spin-sxis of Jupiter is observed by
the motion of the cloud-markings. Also, a radistion belt,like o
Van Allen radistion bel t, is detected around Jupiter. The meinetic
field is inclined a2t 9° to the spiﬁ-axis of the plenet. The earth's

. s s S . o] . . e
magnetic moment is inclined more like 11~ to the spin axis. Fhat
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vﬁjﬁtrike§ most people about these two obserVafions is the apparent
similarity in the inclination of the two dipole moments, »And, i:s
Mariner passes as close to Venus es claimed, the maunetometer
results imply thet Venus doesn't heve s me.netic field that is
even a tenth as biy 2s the ecrth's moment. Redar observations
show thet Venus is either rotsting very, very slowly or not at
all. These observations fit the theory that you need a spinning
planet with & spinning core with convective end coriolis forces
to work up 2 ma.netic moment startin., with a wesk interplanetery
field.

Let's go on to ithe sphericeal hsrmonic analysis which, in one
sense, 1s o pretty dull, tedious business, and yet is very impor-
tant and produces interesting results, First, there zre some
megnetic nomenclature that we should 81l commit to memory (see

pagye 120 of the Eatellite Environment Handbook). The total magnetic

intensity is elways given as F and the inclinstion or maeynetic dip,
I, is the anyle between the horizonteal and F, The dip angle is

$0° =t the me¢netic poles. At the magnetic eguator, the dip is
zero, The dip is positive in the northern hemisphere -~ tlhat is,
when the nortl. end of the compess points down, the dip is positive.
And, by tte way, the north pole of the earth is reelly & south
maynetic pole. This has to be so because the north end of a magnet
will point north znd, therefore, it is bein¢ zttracted by 2 south
magnetic pole. The oldtimers, you will see, always drew the mag~
netic moment of the earth pointing down, and it wmi ht be a good way
for us to do it, too.

The declination, D, is the angle between the true nortl and

the direction the compess points. Declination is positive when

maynetic north is to the east of true north.
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H is the horizontsl component of intensity of the earth's
magnetic f£ield. Me.netic storms show most clearly in the H

component, so it is used most often,.

H=FcosI>0,
V is the verticazl intensity and it hss the same sign as I. Thus

Vel sinl.,

F is hardly ever used; the old instruments couldn't meessure F and
it is just not the fashion to meesure the total field. The reason
H shows tlie main meynetic storm veristions is becsuse the earth
ig & fairly good conductor, For periods like a dey, the skin
aepth ot the esrth is not very deep -- it is just a few hundared
kilometers. So, it is hard to change the verticsl component
because of the conductivity of the earth (you heve a frogen-in flux
essentially) and the vertical component on the earth can't chen.e
very much. But you can squeeze the horizontsl component acainst
the earth and compress it or release it, i.e., H can be more
eesily chanyed than V. The vertical component hardly shows any
change at all during a magnetic storm,

Occasionally, X, Y, and Z are used, where X is the north com-
ponent of H. Y is the east-pointin., component, and Z is the same

&s V, the vertical component. Thus
X=Hvcos D, ¥Y=HwzsinDh, 8=V,
For the sphericasl hermonic snalysis of the geomagnetic field,

X, Y, and 2 are used -- that is why I brou,l.t them up.

SPHERICAL HARMONIC ANALYSIS
There is & very good discussion of this spherical hsrmonic

analysis starting on page 539 of chapter 13, Vol. 2 of Chapmen
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&nd Bartels.

Given s curve over some interval, we can represent it as s
series oi sines znd cosines. Likewise, yiven a sphere where wve
know a function over the entire surfsce of the sphere, we can
represent this function by a series oi Lengendre polynomials,
This representation of the earth's mo_netic field by such =&
series is known as the spherical harmonic analysis,

First oi 2ll, we will ossume that the esrth's megnetic field
can be represented as the negative ¢radient of 2 scalar potential,

3 so that

" ) .l_ _?LZ_D—_.”\ V\_{_ —_ - - ! &__._@m* Z - ‘;’Ej.;m
K =5 T » = amB  IN , = 37

where r, 9, ) are the usuel spherical-coordinstes,

X, ¥, and 2 ore messured on the earth's surface -- that is,
the primary dezta. We sssume that the esrth's magnetic field is
made up of an incernal and external contribution. I have said
before that the earth's magnetic field comes from currents inside
the earth's core. But for the spherical harmonic sneslysis, you
don't have to sssume thet. Ps & metter of Eact, you can use the
spherical harmonic enalysis to prove thet the mejor pert ox the

earth's moynetic field comes from the esrth's core.

b oo re L ()T
' nzi

i

L]

wad
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émﬁﬁis thet pert of the potentisl due to internal sources: jMeﬁ
is that part due to externel sources. The guantity Tn is
) " g . 5 ) —
T, = }: (g, coomN h, 44n m I~ (e 8)
mso

where an(cos A) is the associsted Lefendre polynomial. The
quantities gi and hﬂ are cslled Geuss coefficients in honor of
Cerl Frederick Geuss who was the first men to realize you could
use this machinery to tell whether the maynetic field of the earth
comes from insice or outside the esrth. He pointed this out in
a published peper. Arfter quite a few years, there was & very crude
world survey; he was able to show that most of the esrth's magnetic
field ceme rfyom internal sources.

As a metter of fact, my understanding is that you only need
the Z component of the earth's field to separate the internel
from the external contributions.

All the work is done in geographic coordinates, Look at the
Tables of Gaussien (Schmidt) Coefificients (1955) - Table ©-1
very guickly end we will learn something almost immediately. The
British, U.S., and U.8.8.R. &ll use the ssme primesry deta. Mndc
yet, you will notice the numbers sre different. This is beceuse
before they use the date, they interpret it. Notice that the
coefficients agree to about 1%. That is because the deta is yood
to zbout 1% and the interpretetions don't reslly help any.

One interesting point is the first term. If you multiply by
10”4 like it says st the top, the term n = 1, m = 0 is ,3055 roxr
the British, 3054 for the U,S8., and ,3051 for the U.S.5.R. Thet
vives the megnetic field in Gauss et the magnetic equator of the
earth ior the first dipole term. It is the equatoriel strenyth

of the main dipole of the earth's msonetic field.
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TABLL 9.4, Spherical Harmonic Apalyses of the Geomagnetic Field for
195% Basis, British, U.8., and U.S,S.R, World Charts. Gaussian
{Schmidt )} Coefficilents, ﬂn!’ hnm, in units of 107" cgs.

{After Word Hagnetic Survey Instruction Manual, E, H, Vestine, Ed.)

mn
gI'lm hn

ﬂ’m Bf‘itish U.Sn U.S.S.R. BpitiSh U.S- U-S.S.R.
1,0 -3055 ~-3054 -3051

2,0 - 152 - 147 - 14l

3,0 118 117 112

5,0 95 87 97

5,0 ~ 27 - 24 - 33

6,0 10 2 7

1.1 - 227 - 210 -~ 202 590 585 584
2,1 303 307 299 180 =185 -187
3,1 - 191 - 170 = 174 - 45 - 59 - 56
4,1 80 64 78 15 18 11
5,1 32 40 33 2 19 10
6,1 5 12 8 - 2 - 6 - 7
2,2 158 145 168 24 49 38
3,2 126 127 124 29 30 26
4,2 58 u7 57 - 31 - 24 - 31
5,2 20 2t 16 10 10 12
6,2 2 -2 3 11 16 14
3,3 31 86 81 - 9 - 3 - 8
4,3 - 38 -~ by - 36 - 4 - 7 - 5
5,3 - Y - 4 - 9 - 5 -1 - 4
6,3 - 24 - 26 - 26 4] 0 - 1
oy 31 29 32 - 17 - 13 - 13
5,4 - 15 - 15 - 14 = 14 - 18 - lu
6,14 - 3 - 7 - 3 -1 0 0
5,5 - 1 - b - 6 9 8 1
65,5 0 3 1 - 3 - b - 1
6,6 - 11 - 10 - 9 - 1 - 4 - 3

It should be noted that there is little difference between these 3 sets
of coefficients, The differences are ~ 1% which is the order of the

uncertainty in the primary geomagnetic data.
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Last time we noted that the first term of the Gaussian co-
| efficients gives the magnetic field at the geomagnetic equator.
We noticed that we could f£fit the geomagnetic field with an internal
and external potential. Within experimental errorx (~1%) the ex-
ternal potential describes the eartn's field, and therefore it is
found at least 99% of the earth's field is due to internal currents--
less than 1% comes from the outside. Sometimes you see smallex
numbers for the external contribution; but the primary data isan't
good enough to really limii the external contribution to any less
than 1%. Only the 2 component orxr the vertical component of the
earth's field is needed to separate the internal from the external
contribution.

Two more points and we are through with spherical harmonic
analysig. This first point involves the assumpition that B is:given
by a negative gradient of a scalar potential. If we take the curl

of B, we find that

T x B = - x(v_f?ém) Jsince B = _%M

and we get minus the curl of a gradient, which is identically zero.
So, by assuming B = “ﬁrEM' we are implying that the curl of B is

zero, and this weans that the conduction current and the displacement
current in the region where we are taking the data are gero. If this
ware not 8o, when the spherical harmonic analyses were fitted to the
field, there would be a residue (it is called) to the scalar poten-~
tial, There are such currents (e.g., thundersiorm currents, lighten-
ing flashes, and auroral electrical currents), but they are so weak

that they cannot be detected by this method.
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Future spherical harmonic analyses will probably improve in
accuracy over the past ones by a factor of 3 to 5. It is going
to be guite difficult to improve much wmore because of magnetic
noise such as diurnal variations that cause big changes in the
field. Also, it is hard to make these measurements on ships to
better than, say, 50 gammas. The present spherical harmonic analysis
is good to about 300 gaumas.

The final point is how the magnetic center of the earth is to
be displaced. The Van Allen radiation shows the displacement. The
bottom of the Van Allen radiation belt starts at apbout 1,000 kilo-
meters altitude over the Pacific, and ig 200 .0r even 100 km. over
the Atlantic side. Thus, the dipole is displaced towards the Paci-
fic side. This displacement can be gotten out of spherical harmonic
analysis as a first order effect by looking at all the terms and
choosing a new origin such that the first few coefficients vanish.
In Chapter 13 of Chapman and Bartels, page 639, you will find a
formula given for setting these various coefficients to zero. It
will locate, in a very simple way, the coordinates of the magnetic
center at which these first few coefficients of the spherical har-
monic analysis vanish. The method was first pointed out by Kelvin.

The dipole term, interestingly enough, doesn't change. The
dipole is just translated from the center to the new location.

The new magnetic center will agree fairly well with the height -
variation of the Van Allen radiation belt with longitude.

In conclusion, the spherical harmonic analysis can (1) separate
internal from external contributions to the earth's wmagnetic fleld,
and (2) allow the calculation of B as a function of r, 6 and ) --
that is, you can calculate B any place above the earth by just
using these coefficients and plugging into the formulas given in

a previous lecture (there are machine programs for doing this).
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However, remember that the spherical harmonic analysis found no
external contributions to the earth's field, and we know that there
are some. For example, the Van Allen radiation belt or the solar
wind blowing against the earth's magnetic field provide a weak,
external contribution. However, the spherical harmonic analysis

is not sufficiently delicate to detect these, so when you use the
spherical harmonic analysis to predict the earth's- field; it is
good near the earth, and out a few earth radii, say, 4 earth radii,
but beyond E%ggﬁédit begins to deviate very badly. (3) The spheri-
cal harmonic/can find the magnetic center of the earth. There is a
good description of exactly where the magnetic center was in 1955

on page 132 of the Satellite Bavironment Handbook.

The equation for a dipole field line is
r = L cos A
m
where hm is the magnetic latitude; L is the geocentric distance to

where the line crosses the magnetic eguator and v is the geocentric

distance to a point on the line having latitude Am'

HOMEWORK PROBLEMS

1. () What is a wagnetic line of force?

(b) Derive: 9
r = L cos Km‘

2. What is the totel magnetic eneryy external to the earth?
(Assume a perfect dipole with an egquatorial field strength

.305 gauss and a radius 6.37 x 103 K. ).

3. Show that the integral fﬁ‘ﬁav over all space for a uniformly
magnetized sphere vanishes. It doesn't have tp be a sphere,

but I think you will f£ind it a lot easier if you use a sphere.
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We just have one more thing to do with the static dipole field
and then we can go into magnetic coordinate systens.

In a previous lecture, I derived the magnetic tension for a
straight uniform magnetic field, the force per unit area (which

was the negative derivative of the energy per unit volume).

oW 52 B2
F = = g;-= - EJ_ where & = E;“'x
o . o
BZ
but F is made up of an isotropic pressure -+ EE“ and a tension 7.
o

2 2 2

Fz%u———'r=-%r=;>*r=§- .
o o o

A more exact treatment of magnetic tension, using the Maxwell stress
tensor, is given in "Classical Electricity and Magnetism” by Panofcl:
and Phillips, Sect. 6-5.

If we curve the field line as shown in Fig. 11-1,

Fig. 11-1

there is a downward force equal to the tension times 8/2 for one
side, and I also get an egual force from the other side -- so I

just double it.
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For a given tube of flux (the one we have just considered),

the force per unit length is

This force per unit length has to be balanced by something, and
what it is balanced by is the perpendicular gradient of the wmag-

netic pressure. Thus,

R "2u L 2“0 ' B R
v’(BE o Byi? ) B2
l.Zuo R My uOR
ox vl? s
B R

This is an important result. Let's discuss why it is important.
Fox one thing, if the radius of curvature is infinite, that is,
if the lines of force are straight, there can be no perpendicular
gradient of B.

In current-free regions, any time the field lines are curved,
you must have a gradient of B, and any time yoﬁ have a gradient B,
you know the field lines are curved.

Let's do this one more time in a more rigorous manner. From

Maxwell's equation we know that in a current-free region, ﬁ?x B = 0.

Now let's draw two field lines,
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%\ : de

T @E O
1327- B o ?.i. &) dr é

ho /R

Fig. 11-2

We have a perpendicular gradient of B:; the field is increasing
toward the origin. We take a line integral around the path l) 2,

3J and 4. Ignoring terms of second order,

-

» i
[Bdl =0 = By (R+dr)a8- (B, +V B, dr)Ra8

R

This derivation is guite general. It could be done a little
more elegantly, but it wouldn't show anything more. There are no
assumptions except that of no current. What these proofs are
supposed to do is to show you what it is that is balanced against
what; why, when you get a curved field line, you need a pressure
gradient or a gradient of B. This is why the field of a dipole
doesn't explode -- the pressure gradient is pushing out, and the
tension is holding it together.

I am going to go on now to a new topic -- magnetic coordinate
systems.

(1) The first coordinate system that you use to refer every-
thing else to are ordinary geographic coordinates. As we discussed

before, the earth's magnetic dipole is tilted about 11° in the
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geographic axis and displaced a few hundred kilometers from the
earth's center. It is pretty obvious that anything that is
controlled magnetically will not oe described well by geographic
coordinates.

(2) The next one you might use is geomagnetic coordinates.

Here make a note to look on page 130 of the Satellite Eanvironment

Handbook where there is a map of geomagnetic coordinates. Geo-
magnetic coordinates are just the coordinate system defined by the
single centered dipole that best fits the earth's magnetic field.
The single-centered dipole is on the earth's spin~axis. Remember
the dipole is tilted 11° and digsplaced a few hundred kilometers;
for the geomagnetic coordinate system, the displacement is ignored.
You assume the earth's magnetic field is represented by a tilted
but centered dipole, and you get a real dandy coordinate system --
poles, an equator, etc. But, of course, you realize that this is
very artificial and can't be very good.

There was quite a to-do in about 1956 when Simpson of Chicago
measured the cosmic ray equator and found it displaced from the

geomagnetic equator.

gi-omajnr;i.'(,
é LoBmt

Fig. 11-3

The cosmic ray equator turned out to be shifted about 45° from
the geomagnetic eguator. From what I have just told you, none of
you should be surprised -~ in fact, you might be surprised that it
fit that well. The deomagnetic coordinate system is only a little

bit better than the geographic coordinate system. None of you should
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be surprised, although you will find geomagnetics used in all the
old literature and is still being used; it is really not worth much.

(3) A magnetic coordinate system that you can use very easily,
and that is fairly good, is called the “"dip latitude coordinate
system." The magnetic dip is the inclination of the field line
from the horizontal. We define Km’ the dip latitude, as arctan
{(* tan I) where I is the dip angle.

This formula is exactly true for a perfect dipole, and it is
not true for a deformed dipole like the earth's field. But it is
close enough to give you a very good coordinate system. If we go
back to this magnetic cosmic ray equator and geomagnetic equator
and draw the dip equator -- that is, the equator where the dip
angle here is zero -~ it gives an excellent f£it within experimental
error. The aurorae occur along a line of constant dip. Most geo-
magnetic phenomena do.

HOMEWORK PROBLEM

Assume a perfect dipole and prove that

Amﬂz tan™* [% tan 1]

(4) The best system to use is one that uses the properties
of the particles themselves. If you had a system that actually
described how particles moved in the field and described latitudes
in terms of these particle wotions, you would have quite a good
useful system because the reason you want magnetic coordinate systems
is to describe Van Allen radiation, aurorae, cosmic rays and things
like that.

The system that is now being used ig an integral invariant
coordinate system called the "B, L coordinate system." To define

this B, L coordinate system, we will first need to define the
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invariants and how the particles move in a wmagnetic field.

@’W@\Q@
A

e

1

%
Fig. 11-4

First, we will show that the magnetic moment, G, of a charged
particle moving in a magnetic field is a constant. The magnetic
moment is generally defined as the current around a loop times the
area of the loop. If we have a single particle with charge e going
around in a circle (for instance, motion in a uniform wmagnetic
field), the current is equal to the number of times per second it
goes around (which is wc/2ﬁ). The area is just nacz where a, is

the cyclotron radius. If we multiply these two together,

2
ey a
u = cC C
2
0.
But a = and w = eB
c eB m
amw 2 (KE)
Then u o= L = L
B B

The magnetic moment of a particle in a magnetic field is the
component of energy perpendicular to the magnetic field divided by
the magnetic field.

#de can prove that u is a constant for certain cases. There
are two proofs; one of them is originally by Alfven and the other
is the one used by Spitzer. You will see that it isn't really a

very rigorous proof because it assumes what is to be proved. Of
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course, it works out right! But, it is a good proof to go through
because it illustrates the mechanism by which the moment is con-
served.

The particle going around in a circle has the above magnetic
moment. If we change E} we know we get a curl of E. This is indepen-
dent of whether a particle is there or not, and indepehdent of
whether you say there is a conductor there that shorts out the B
field. ‘

The electric field, so produced, will accelerate tﬁéuparti¢le.

The EMF around the loop is

=T . _ 4B
EME = [B°ds = - rdt ds

The electric field will accelerate the particle so that the change
in kinetic energy per unit time is given by the current times the

EMP around the loop. Thus,

W

at ‘2 L 2n e at at
. 21 2
But uB = o mwy
. d dB . , . . 1
so that ¢ (WB) = wir ., which implies that u = constant,Q.B D.

. . 2
However, note that this proof reguires that w and a {or at

const., then since

]

least their product) be constant. 21f w.a,

) me 2 W 2u

w==—B and a = —— , W a = which is = = const —u = const.
c m c eB o C eB s
o
— *I0W
. . 4B — 2 dB . 1

. o _ = 7a — t if = = const.

Also, in this proof Idt ds = 1w e dec But u B p
rnnzw
then u e 2 B = — l"B = 1a 2B = const.
2 2.2 c
e B e B
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That is, i1f u = const., then flux through loop ﬁaczB can not
change -- hence, no EMF and no acceleration.

But it must be guite obvious to you that if the particle is
going around in a certain sized ciréle and then the fgeld is changed
slowly, at first the size of the circle wouldn't change, and then
it would begin following the field change, lagging a little bit
behind. And then, when the field stopped changing, it would over-
shoot, and the size of the circle would oscillate a little bit
about the eguilibrium position. It's a complicated dynamical
proplem, | ‘

Before I give the rigorous proof, let me go through a couple'
of small 'points for you. Suppose a particle is moving with a total

velocity w and w, perpendicular to B, and a w, yito B as shown pelow.

I8 1]
Then the wmagnetic moment is
! 2 .
u = IVV]WL — _’JEMV\P ’MSI'AIQ<
B - T Congstent
5
— L 4 1/ -
Bul e} o= ", ; wE 2 ﬂéw - (KLJ%\.‘«
wh " -
Wy B,

wherg BW} 1 HH Wivroe f,

ja-t ——* 3 -T%KS Sin o

W —

i B = Conslamt

(‘.lﬂ, a/{(?('_:go;

 is called the pitch angle. The pitch angle is the angle between
the instantaneous velocity vector of a particle and the local mag-
netic field. Aas E'gets stronger, & has to become bigger in order

for u to remain constant. The limit is where o¢ is n/2, then this

is the deepest the particle can penetrate into a field that is growing
stronger with distance; that is, the maximum field this particle

can ever reach is given by the total energy divided by the magnetic

moment.
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Last time we went through a derivation that showed the magnetic
moment u was constant. Let me talk about that derivation a little
more ~- I said that the derivation assumed what was to be proved. I

wrote the derivative of the kinetic energy with respect to time

: W
a a2 Pe2am
ar KBy} = qr(Gmw ") = (Gre)ma © oF

This derivation assumes that wcac2 is a constant. It doesn't
assume that both wc and a_ are constants; it just assumes that the

product of the two is a constant.

. : : : _ 2 _ 2 ,e.2.2
Let us work on thlsza bit. We write W, o= eB/m fndﬁfc = WL. (m) B”.
2 Wy My,
The product w _a ig ~= a constant. 8ince u = — ;
c e eB B
2
mﬁL 2u 2
el therefore, by assuming wcac = constant, we have assumed

u = constant. This derivation, as presented by Spitzer and Alfven,
serves just to illustrate the mechanism rather than to rigorously
show the principle; it shows how the electric field from the changing
magnetic field accelerates the particle. A
Finally, using wcacz as a constant,
2 _eB _ 2 2
m

e e
a = —Bna = {=—3}% .,
C M c mm

Thus, the magnetic flux ¢ through the particle trajectory is a constant,
As the particle moves in gtronger or weaker fields, the cyclotron radius
always adjusts so that the flux through the particle trajectory is a
constant if the magnetic wmoment is constant. This is an important

result that we can use at various times.
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One other way you might think about it =-- the particle behaves
a little bit like a superconducting ring, but sihce it doesn't have
enough energy to push the field around, it adjusts its own size so |
the £lux through the superconducting ring doesn't change.

Let us define ¢ as the angle between the tangent to the magnetic
field and the tangent to the total velocity vector; even though they
both may be curving, you can take an instantaneous value. o isg

usually called the pitch angle. #e may now rewrite u in terms of q:

i 2
Efwﬁ_ %mwzsinza
u = A = B = const.
1 2 sinzm
Since Emw . the total particle energy, is constant, B = const.

As B increases, ¢ will increase until it becomes 90°. Then the
particle can't go any farther and will bounce back. The waximum
field is called the mirror field Bm.

Ne can see this mechanistically if we look at some f£ield lines

and look at a particle mbving in a converging field {see Figure 12-1).

< un Dataace 4 go e

Fig 12-1




SPACE SCILENCE 500 -3~ Lecture XII

The force on the particle is F = ew x B. The force on the
particle has a component that accelerates the particle toward weaker
fields.

We can write down the acceleration since we know the particle
has a constant magnetic woment u, and there is a gradient in the
field. If you take a magnetic moment ox a little dipole {and the
dipole woment is pointed antiparallel to the field), then there is
a force on this dipole, -u¥, B, where 7,B is the component of VB

parallel to B. Thus,

— — aw,,
F=-uV,B=m ac

Since this acceleration is always in the same direction, the particle
will eventually slow down and stop, and then go back along B. That
is another way to look at the mirroring process. In wmany cases, it
is useful to think of particles as being replaced by chargqug;pglest
The dipole moment has the charge of the particle on it, and thi;.- |
charged dipole will exhioit all the properties of the spiralling
microscopic motion, as long as the guiding center approximation holds.
The following is a rigorous proof of the constancy of the magnetic
moment u. Let's take a region of space in which the field lines are
stralght -~ in other words, if we extended them in to an origin or
intersection, then all the field lines would come to a point. We
are considering the region of gpace where the field is 1/;3 field,
the field radiated from a monopole. A l/R2 dependence is the only
one in which all the field lines are straight, and the field is
still a function of position. For other dependences, the magnetic
moment is not actually a constant. The wmagnetic moment will, in
general, oscillate about an average position. In fact, it wmay

oscillate so radically that the magnetic moment breaks down.
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~h
-~ - s T
e 3 B = ‘*T_,,'
B
Fig. 12-2

The time rate of change of momentum of a charged particle is

PP
dt=ewa=ewxr(*‘“3*).
r
3 , . i
Crassing both sides with r,
B~ P %o 2=
* x EE = er X WX ¥ (;E) = *;;’[wr ~r{w-r)].

Now, take the time derivative of r x p; I get two terms:

d—. -—_-uvr- L ] ——
dt(rxp)uwxpvi-rx

=18

But the momentum p and w are parallel since the momentum is just w

times the mass, and thus w x p = 0.

. o2 de_4d - =
o r‘x 3t ac (r x p).
Substituting, oB _— .- —
d = Ty e 2 T TN w _ or{w-r)qy
ot x p) == Lwr®-r(w-x)] = eBo[r 3 1.
t t
a ,r., w.—d 1 w r_ wr
. " T -~ el = + sl o T e e e —
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a7 (w.r
dt(r) T x !
_ e LT Ty - ap L
s0 that we can write, dt(r X p) = eBO At (r) .
Now integrating with respect to time, we get T % ; = eBo §'+ C or:
r x 5 - eBO i =C and taking maghitudes,
L -, L , B _‘2 . ezB 5 j§'2 ) 2eBOr X p'r
(¢ xp ~ eBo ;1 = CtC = ¢ = ! rXp o :rz x
["" ""2 2 2_ 2 T ol = . .
» e x pl” = c%-e"B 7. But lr x pl = rp sin a)where o is the angle

now between the radius vector (also the direction of the magnetic
field), and p, or, in other words o is the "pitch angle." And E is

the particle mass times the velocity perpendicular to R.

e rzpzsinza = Cz-ezBo2 .
, 2 2 22
Aut B = Bo/r2 - p2 51; a _ (C -g Bo )
o

The particle momentum times sinza divided by B is a constant.
Since the particle momentum (the total momentum, the total velocity)

is also a constant)\N@WQ are left with sinza/B = congt., From this

result, as demonstrated previously, we can show that
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Consider a particle in a magnetic field. The particle will

have a magnetic moment u where 2
mwy

B .

W= i
2

There will be a magnetic force on the particle ;ﬁ wheret§ﬁ= Jgﬁiﬁciqag ia
the component of {B perpendicular to B. FM is the force perpendicular
to the magnetic field. Any time you apply a force to a charged
particle in a magnetic field, it will move perpendicularly to the
magnetic field and the applied force. So, if I apply a force, say,
an electric field, the particle drifts perpendicularly to both E and.g.
Thug, the particle tends to move perpendicularly to the magnetic field
and the applied force, but, not immediately. The first motion is in
the direction of the force. Then, as the particle starts moving in

the magnetic field, it curves in the magnetic field. Thus, in general,

K - o
UV B = ev,. . X'B

S D
S8ince I have jubt taken the perpendicular gradient of the
-~ 2 —)
magnetic force, Vh and B are perpendicular. Remembering that]VB/Bl
. 2
is 1/, we write ufi7.B e
DM eB 2 eBR

There is another motion that produces another force. The particle,
besides having a @l‘to give it a magnetic moment, also has a w, as it

moves along the field line. There is a centrifugal force,

2
Fc nw,, /RC

This centrifugal force is perpendicular to the magnetic field.
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Thus, mwuz/R = gv_ B,

So, the total drift velocity ig a curved magnetic field is

W
B (2w

Vo= Vpu * Vpe T eBR,

They both add, since they both have the same sign. For a given
velocity squared, the centrifugal force is twice as effective. If

the two velocities are equal, i.e., the particle has a 45° pitch angle,
the parallel velocity component gives twice the drift contribution that
the perpendicular one does.

Now, for a dipole field. The earth has a magnetic moment and
the particle spiralling back and forth,has a magnetic mowent that
will be parallel to the earth's magnetic moment. These two dipole
moments repel each other to give an outward force. Thus, the particle
will drift around the earth. In addition, it will bounce back and
forth giving centrifugal force also outwaxrd ~- both forces are out so
their contributions to the drift wmust add.

As a homework problem, what is the direction of drift in the
earth's wmagnetic field for (a) electrons, and (b) positive ions? Draw
a picture looking down on top of the north pole. That is, in the
earth's magnetic field, how large an electric field would you need to

set up at some point in space (pick your own parameter)?

For the gecond problem,calculate how large an electric field would
you have to set up to get a drift velocity in the earth's field equal
to that for a 50 kv electron or 1 Mev proton at 2 earth radil geo-

centric distance:
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There is another way to look at the gradient drift. A particle
in a uniform field will go around in a circle. As shown in Fig. 13-1,
if

(l-\ V_,_B ~P Steone B

weak 3 N

there is a field gradient, the cyclotron radius will be less in the
strong field than in the weak field. A gradient drift results as
sketched., I think the dipole-dipole repulsion formulatisr - mose
powerful because it shows you what forces are acting on a particle in
a wore useful way. When we get to magnetic storm theory, the effect
of the belt of trapped particle in the earth's magnetic field can be
Canciribod better by thinking of charged dipoles being repelled by
the earth's magnetic dipole.

And a fipal interesting point. Suppose you remove the charge
from an eguivalent dipole so that it moves away from the carth. what
do you suppose its kinetic energy would be at infinity? Well, it

would be % m%f; gince the potential energy of the dipole in the earth's

field is -~ Zuw, L
Ak iR LA

g
“his potential energy must egual the kinetic energy at infinity.

Now congcider particles moving in the earth's magnetic field.
If the earth's field were axially symmetrical, you could predict from

symmetry/%ﬁgge a particle will be as it drifts around. Let'? sav the
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earth's fields were as shown in Fig., 13-2,

Fig. 13-2

Suppose you have a particle bouncing back and forth on a field
line on the riéht side of the figure. ihere will it be when it gets
to the other side? Anothex invariant of the wotion is needed -~ the
magnetic moment invariant only tells you that the mirror point is
constant in a static field. The nirror point is an invariant of the
motion, just like the magnetic moment is an invariant motion.

The other invariant of the motion that is needed is the integral
invariant, and it is THE one of use to tell you where a particle will
be as it drifts. It is an action integgal. I' is defined as the
integral between wmirror points, 1' = fz w,dl (this definition will be
modified laterx).

Now, since w, = w cosq, we can write

s
I =1I'/ws= f$ cosqdl

. . 2
or, since sin"g = B/Bm,

* ey
1= " (1-B/B )" al.
m

This is a form that only depends on the magnetic field., The particle
motion is completely dropped out except we still must know the mirror

points. We integrate along the field lines between wirror points, so
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the particle motion is still implicit.

If the integral I is a constant of the motion, then we can see
there will only be one field line on the left side of Fig. 13-2 that
can match a given field line on the right if the mirror points are
fixed.
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Consider two particles moving in a perfect dipole field. Assume
they start on the same field line but that they have different
equatorial pitch angles so that they have different values of BM and I.
However, we can be sure if we start them out on the same field lines,
since there is complete azimuthal symmetry for a dipole field, the
two will stay on the same field line. And, once we define BM and I
for the s.ngle particle, we know not only where it will be every
place on the other side, but we also know that another particle that
starts out with a different I and a different BM but on the same field
line, will always remain on the same magnetic shell,

As a consequence, this is a degenerate systew;once a particle

is on a magnetic shell, it will stay on that shell all the way around.

Fig. 14-1

This is not true for the earth's magnetic field. Look what
happens if we distort the dipole just a bit. Consider particle #1
with its two mirror points so close together that the particle mirrors
in the equatorial plane and drifts around in the equatorial plane.

(1) (2)

Thus, T is zero. The other particle mirrors at Bm
(%)
m

/MW}\Y‘_\/,\" .54“9({"c( fine
u) \

_ ,¢ J//} -
P&H"\\L‘e . "‘30«{4\(,\(, 2

rJ le &
Pe HﬁFLg, 14-2
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Now let's assume that the perfect dipole field line is distorted
a bit on just one side (as shown in Fig. 14-2) and all the adjacent®
field lines are distorted the same way so that the value of B at any
point is not significantly different from that of the dipole, but
the path lengths are somewhat longer. (We need to runm a current
through the field to do this.) Now, since I is fw“dl and since we
have just stretched field lines a little bit, the particle, in order
to maintain I constant, can no longer stay on the same field line.
Particle (1), however, is unaffected hy thig distortion and thus
remains on the same field line. #When the field is deformed from a
dipole, it is no longer a degenerate system. In other words, we
have split the degeneracy; this is something like Zeeman splitting.
If you have a degenerate system aad apply some kind of external
perturbation to it, you often split the degeneracy.

The other way we could write the integral invariant is

* 3

I = f‘;‘ (1-8/B,) " al .
Since we haven't changed the field strength and have just pertunned
it a bit to make the field line longer, then, obviously, along the
same field line the path length will be longer, but B(l) will be
the same. Therefore, if we say that T is a constent of the motion,
we must move closer to the dipole., :f there is no azimuthal(%%ymmetry,
the degeneracy of the system is split,.

.But, as I mentioned before, the earth's magnetic field is fairly
close to that of a perfect dipole. A common and useful wmagnetic
coordinate system is the BL system suggested by McIllwain, For a
perfect dipole)the distance R0 is the distance from the equatorial

crossing of a field line to the magnetic center. We agsume that
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there is an analogous distance L for the earth's field. 1If it is
a degenerate system, L turns out to be Ro° The L value for a
particle in an asymmetrical field is identical to the RO it would
‘have in a dipole field. Since the asymmetries in the earth's
magnetic field are only of the order of 1%, L is always within 1%
of Ro'

Thus, L is very nearly the distance from the equatorial crossing
of a trapped particle to the wagnetic center of the earth (see
Lectufe VIII, p. 2). If we give the L value and BM for a given
particle, its motion is completely described in the static geo-
magnetic field. Mcllwain made the approximation ¢hat the earth's
field is a degenerate system -- an assymption good to ~ 1% -- and
thus relates a value of B (not necessarily BM) and I, for a particle
at one point, and thus gets a useful, but not exact, wagnetic

cooxdinate system.

ok ok kK Kk R & & \

References for more information:

1. Northrup, T. G., and Teller, E, Stability of the Adiabatic
Motion of Charged Particles in the Eurth's Field, Phys. Rev.,
117, 215 (1960).

2. Mellwain, C. £., Coordinates for Mapping the Distribution of
Geomagnetically Trapped Particles, J. Geophys. Res., 66, 3681 (1961).

Stone, E. C., The Physical Significance and Application of I,
B , and R to Geomagnetically Trapped Particles, J. Geophvs. Res.,
68, 4157 (1963).
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The flux invariant is ¢ = anEs inside an integral invariant
shell. By integral invariant shell, I mean the shell traced out
by a particle that drifis around the earth. If I take a surface --
an easy one to take would be the equatorial plane -- B-ds is
evaluated through the equatorial plane, then the flux invariant states
that this flux is a constant of the motion. You can see this intui-
tively: As a particle drifts around, it forms a ring that encloses
gome flux. The idea is similar to the one for frozen-in flux where
the particles move with the field so that the flux enclosed is
constant. We have a similar thing here. If I very, very slowly
push the magnetic field lines together onr one side, the integral
invariant surface will distort so the particle drifts around to
enclose the same total flux, 2. (sée Figure 15-1). The surface
must be simply connected and the integral must include the flux
that passes through the earth.

All theee of the invariants of motion are derived in a rigorous
manneyr in an article by Norithrop and Teller: Physical Review, 117,

215 (1960).

Lavearal
<
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The three invariants, then, are the magnetic moment ianvariant u,

the integral invariant I, and the flux invariant ¢. What do each

of them tell us? The first one u (equal to the perpendicular particle

energy over BO) reqgquires that the mirror point bi¢ fixed in a time-
gtationary field. Thus, the wirror point is fixed. Let's say we
have a dipole~like field on one side of the earth and very distorted
field on the other side as shown in Fig. 15-2. Then let's draw a

gurface of constant B (dotted line),

Fig. 15-2

and that is our BM' The magnetic moment invariant tells us the
mirror magnetic field is a constent. As the particle drifts around,
it will alwaye mirror on this surface of constant B.

The second invariant, the integral invariant (I = fw"dl) tells
us which one of these field lines is the right length, or which
of these field lines we can expect the particle to appear on as it
drifts around. (I is sometimes called the longitudinal invariant --
guite obvious nomenclature.) If you don't fix the BM’ then the
integral invariant fw"dl could be satisfied on any field line if the
mirror points are properly adjusted. However, if we fix the mirxorx
points as BM and B;, then there 1is only one field line that txuly
satisfies the condition of constaat I.

The third one is the flux invariant. The flux invariant ties

the integral invariant shell to the magnetic field lines so if you
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move the magnetic field lines around, the integral invariant shell

To describe how the particles behave then in conditions that
are distorted or conditions where the magnetic fields are changing
with time, all three invariants are needed -~ if they remain constant.
Bult let's talk about where they might break down, because all of the
invariants can oe violated.

One way you can break dowan any of the invariants is to have a
change in the magnetic field that is too fast for the particle to
follow., Lf you have a megnetic field line with a particle spiralling
around, and the field line movesg in a time short compared to the
cyclotron period, the particle won't be able to follow the field
line motion; its magnetic moment won't rewmain constant. For example,
if you have a uniform, constant wmagnetic f£ield thru which a particle
is moving, and then the field intensity suddenly goes thru a step-
function change in intensity, the particle will xun into this dig=-
continuity and do something funny. The direction of motion will
change very sharply, and the particle will end up with a different
magnetic moment.

Rememner from the general proof (Lecture XII), it was shown that
the field lines must be straight in order for the wagnetic moment co
be strictly constant. Most books say that the field change should be
small in one cyclotron. But that is not necessarily true. All that
is reguired is that the field lines be straight. Any time they curve,
slight perturbations of the magnetic woment result so that the magnetic
moment oscillates about a mean value.

Let's talk about how easy it is to break each of them down. I:
is clear that it is rather easy to break down the flux invariant.

A very high-energy proton close to the earth drifts around the earth

in, say, 2 or 3 minutes; whereas a one kilovolt electron at 4 earth
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radii will teke 5-6 days, a long time. I{ we make a ¢hange in the
magnetic field, that is, very fast cowmpared to six days (say, one day) ,
it will break down the flux invariant for that particle. This one,
for things like the Van Allen radiation, is practically useless.
Many magnetic perturbations ocecur in periods of minutes or hours: a
magnetic storm takes about a day. Thus, the flux invariant is rela-
tively useless. The other two are guite helpful. The bounce periods
for particles in the earth's magnetic field is of the order of seconds
~-- one second, ten seconds. That is rather shorter than most chances
seen in the earth's magnetic field.

For the wagnetic moment invariant the cyclotron period is the
significant time scale. For an electron the cyclotron period is
like wmicroseconds, and for a proton it is a few milliseconds. So,
in the increasing order of difficulty to break down the invariants
by rapid changes in the magnetic field, the flux invariant is easiest,
the integral invariant is secind, and the magnetic moment invariant
is the hardest to break down.

If the field line is curving, the particle can't really tell
how the field is going to change. This gives us an interesting way
to break down the wmagnetic moment with very small perturbationsg -- a
resonant method of breaking down the magnetic moment. The particle
moving thru the field isn't going to know how the f.eld is going to
change and it will first, say, under-~correct; its magnetic moment
will get too small, then it will recognize that it is converging too
rapidly, the radius of the particle will spring out, and it will
oscillate as it moves along.

Now let us wiggle the magnetic field at just the right freguency
and put in a hydromagnetic wave so the field line is wrinkled with

a wave'length lambda as shown in Fig., 15-3.
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"\

Fig. 15-32>

-

If the particle moves along the field line so its motion is just
150° out of phase with these widggles, it will be throwan back and
forth, and energy will be transferred between parallel motion and
perpendicular motion.

Another model that can be used for particles bouncing back and
forth in the earth's wagnetic field is the following: consider a
trough with a marible rolling back and forth, and along the trough
(Fig. 15-4). :

Fig. 15-4

It is c¢lear that if I took this trough and put some wiggles in it

so that every time the particle strikes the wall at a rather sharpex
angle than it would if the trough were straight. Thus, without any
convergence of the txmgh at all, energy can transfer from parallel
to perpendicular.

All that is needed to achieve resonant conditions is to get the
wavelength for the hydromagnetic wave equal to the distance the
particle will travel in a cyclotren period. So,

21

w
c

T =

Y
Wy




SPACE SCIENCE 500 “H=- Lecture XV

Another relationship for the resonant conditions is as follows:

] '{‘f},! AT
thZTT VI - whm \/]\ ) !l_)l\ we A : ’ e {1
h oo e
A= W ” W W : aF tde,
hm n o

The hydromagnetic wave, of course, is moving, but the wave velocity
is 100 km/sec or so, and for example, Van Allen radiation particles
move with nearly the speed of light.

Another way of looking at the resonant condition is that the
moving particle doppler~shifts the wave so that its freguency moves
up to equal the cyclotron frequency which ig of the order of 10 - 1lan
cycles/sec for protons in the earth's field.

There are no 102 Mev protons observed in the outer zones of the
radiation belt. This is a powerful mechanism that may well be
responsible for removing protons (high-enexgy protons) that might be

trapped in the outer zone of the radiation belt.

HOME'I‘IORK
l. Assume a dipole field in which trapped particles are bhouncing bac':
and forth. What happens to the particles if the magnetic moment is
increased very slowly? Just take the magnetic momeni and crank it np

very, very slowly so all the invariants are presecved.

2. Given the hydromagnetic wave velocity as in Figure 8-14 in the

Satellite Environment Handbook, the W is 13 radians/sec, and the

hin
. L 7 . -
total velocity of a proton = 3 x 120 wn/sec -~ ig there any range of

L, for which resonance is impossible regardless of the pitch angle

alpha?
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Vibrating mirror points are another mechaaism which I will
just mention in passing that can preak down the integral invariant I.
If you have a dipole field with given mirror fields and Ffill
the dipole with isotropic hydromagnetic wave radiation, the mirror
point will move up and down as the wave comes thru. The mirror
point is always BM and that is equal to B of the earth's field

plus b of the wave.

When b adds to the earth's field, the mirror point wmoves up the
field line; when b suwostracts from the earth's field, the mirror
point moves down. So, when the waves go thru and a particle comesg
down to bounce against the mirror point, it doesn't bounce against
a stationary wall or a stationary mirror point; it bounces against
a moving wall or a moving wirror point. This is as if you threw

a ball against a wall moving toward you -- it would bounce off with
a velocity that was eqgual to its original velocity plus twice the
velocity of the wall.

This is a second order effect here that results in an increase
in the parallel velocity. Since h.m. waves have freguencies that
are of the oxder of the particle bounce frequency, this could result
in a cumulative effect. This actually changes the total energy of
the particle; with an increase in the parallel velocity, the mirror

point will walk down into the atmosphere.
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A reference on this is E. N. Parker, JGR 66, 693 (61).

Now let's talk about the behavior of particle distributions
in a non-uniform magnetic field. In particular, we can take as
an example for simplicity a dipole field because that is one we
will be most interested in.

Assume a distribution of particles in a non-uniform field such
that at a certain pitch angle ¢o. and in a range da, we have a flux
of particles NvdQ where N is the number density of particles, v is
their velocity, and dQ is the differential solid angle. The solid

angle is

1 = solid angle = 2w (1 -~ cosq)

dQ = 2nsing dao

From u eguals a constant, we know that
2 - .2
Bl/Sln a, = B2/51n %

where the subscripts refer to different points in the non~uniform
P

field. Rewriting this,

. 2 _ . 2
Blsln az = 8251n al

The differential of this expression is

cosaldal .

2B151na2cosa2da2 = 2stlnm1

or, multiplying by w,

Blcosazdﬂ2 = Bzcosuldﬂl .
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B2 qosal
Then, dQ, = —= ——= ga. .
2 Bl cosa2 1l

Now, if we have a tube of magnetic flux here, we know the flux
of particles thru a plane at one point is equal to the flux of

particles thru a plane at a different point if the trajectories

are connected. Now, if I say that the number of particles in a ¢J7

pitch angle range dal is N, and Al is the area of the tune of flux,

then the number of particles per unit volume per steradian is NlAl ¢

within dy, at o,. A similar result holds at point 2. The total

1 1
flux thru a tube of flux is a coanstant for connecting trajectories,

i.e., A N 4Q. wcosy, = AN dQZWCOSa This equation expresses

1711 1 22
conservation of flux.

5 -

We also know that if u is constant, then the flux B times the
area A is also a constant. We have shown that in a previous lecture.
If we substitute BlAl = BZAZ and the result for sz into the flux
conservation equation, we get

AlBl "B2 cosn
AlNldﬂlwcosal = Nz(—g——)(dﬂl B cosa ) Wcoso,2 .
2 1 2
which reduces to N, = N Thus, for connecting trajectories, the

1 2"
particle distribution in phase space is invariant. The pitch angle

changes as the area changes in such a way that they compensate
beautifully.

I want to talk about the solar wind for a minute because Parker
is cowing, and if we don't talk about the solar wind before he comes,
you won't get as much out of his talk.

It was recognized that there was probably a continuous solar
wind of particulate or corpuscular radiation coming out from the

sun when people tried to account for the outward flow of comet tails.
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As comets orbit around the sun, the tail points away from the sun
regardlegs of position. People tried to account for this by electro-
magnetic radiation (light) pressure, and found they couldn't account
for it. The first guy I know that did this was Fitzgerald (of the
Lorentz~Fitzgerald contraction theory), and he did it all wrong
since he used radiation pressure against atoms non-gquantum mechanic-
ally -- but his conclusion was right.

Then the next man to do it was Biermann, who also did it wrong.
He neglected the interplanetary magnetic field and any plasma
interactions, and used a charge exchange collision. First he
showed electromagnetic radiation was not enough guantum mechanically;
he did that right. Then he accounted for the tails by a charge
exchange reaction where a particle, say, a proton moving along very
fast comes near a neutral atom, and the electron jumps from the
neutral atom to the proton with no exchange of momentum,- In this
you get a neutral hydrogen still moving fast plus a slow ion.
This would ionize the cometary material. Once we get ions in there,
e.g., a CO+ ion, then the coulomb collision cross-section is bigger
and the.lons can be swept back. However, subsequent experiments
showed that the charge-exchange cross-section is orders of nagnitude
too small. It appears that the interplanetary wmagnetic field,
plasma interactions, and things like that really sweep the tail back.

Parker looked at the problem and said, "Aha, we can treat this
as a hydrodynamic expansion; that is, you have a hot gas and you
just let is expand hydrodynawmically, use the continuum approach
and see what the equations of motion are for a gas at a temperature
of a couple of million degrees (like the corona) and watch how

it expands."
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The comet tail problem coavinced a lot of people that a
continuous corpuscular radiation streamingout from the sun was
needed. There are other things that would be difficult to explain
without a solar wind. PFor instance, there is a cosmic ray diurnal
variation -- that is, every day at a local time that depends on
where the station is, the cosmic ray intensity will be a little
bit greater (~ .3%) than at any other time. This is true no matter
where the earth is in its orbit. It shows solar control, certainly
not galactic control. It has nothing to do with the arm of the
galaxy.

This solar control can be explained three ways: (1) The sun
is a source of cosmic radiation, continuous, and no one really can
justify that very well. It is sporadically known to be a source,
solar flare cosmic rays, but not continuously in the energy range
of up to 1010 or 10ll electron volts. Or, (2) the suggestion by
Alfven that plasma comes out in beams with a vacuum on each side.
These plasma beams modulate the cosmic rays. But, again, this is
corpuscular radiation coming out from the sun. (3) Dr. O'Brien
noticed a large diurnal variation in the counting rate of the Van
Allen radiation at about 1000 km altitude with the Injun satellites.
He pointed out this could be explained if you compress the field on
the déytime side by the solar wind. Two explanations were offered.
Either something is coming from the sun that can come into the field
or a biy belt of trapped particles is deforming with the field so
they dip down a little lower on the daytime side and are pulled up
a little higher on the nighttime side so that at 1000 km there is

a big diurnal variation. The exact mechanism is not important.
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The reasoning, which I think is very sound, is there is something
from the sun that is causing the diurnal variation in trapped
particle flux.

Now let's talk about Parker's approach to the solar wind.
First of all, he was convinced that there is a solar wind, that
the corona is continuously expanding. He noted the thermal struc-

ture of the corona as shown in Figure 17-1. The temperature starts
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out at 6,000°K at the photosphere and, at first, as you go out, the
temperature 1s either constant or perhaps falls a few hundred
degrees. Then it begins to rise and very guickly rises to 1 to

2 x lO6 degrees. One thing is clear right away. Heat is not
conducted up from the photosphere into the corona; if anything,
heat is conducted down frowm the corcna. This means that the
corona has its own heat source; sowmething is putting heat into the
corona to keep it hot. This sowething probably originates in the
sun. It is quite unlikely that it would come from some place out-
side and concentrate around a star. It comes frowm within the sun
and it can pass thru the cool recgion just above the photosphere

without dissipating any heat. (Reference: Astrophvsical Quantities

by Allen gives a table of temperature versus radial distance.)
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The heat source is thought to be acoustic waves that, as
they move out, turn into hydromagnetic waves -- they just trans-
form as the particle pressure diminishes, the magnetic field
pressure takes over. Farther out above the photosphere they would
tend to form shock waves because the total pressure is falling
and the amplitude of the wave will be roughly constant as it
propagates out. When the wave pressure over the total pressure
is greater than one, you expect to find a shock wave. Then you
would expect heating from these shock waves. free

Now, the difficulty is that this is a collision-/shock, and
no one knows how to get a dissipation mechanism when there are no
collisions. But the idea is that close to the sun AP/P is less
than one; in the corona & P/P is greater than 1. Where they form
shock waves, the unknown dissipation mechanism takes over and
dumps the energy of the wave into the corona. Since the collision
mean~-free~path is rather long in the corona (it's a tenth of an AU
or so), heat will be conducted out very readily. Also, the waves
that grow to form shock waves will develop at different distances
from the sun. Thus, we can expect the heat source to be extended
out thru the corona. It seems unlikely that there is a thin layer
where all the energy to heat the corona is deposited. Thus, we
can expect coronal heating to be extensive; we will see later why
this is ilmportant.

It was once thought by some that solar prominences, in which a
little piece of the sun goes flying off into space, supplied the
necessary solar corpuscular radiation. However, the escape velocity
from the surface of the sun is over 600 km per sec, and almost never
does prominance material move out with a velocity greater than

the escape velocity. Something more continuous is needed that
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doesn't involve explosions throwing things out.

It is clear that these catastrophic explosions are not the
sort of thing that are going to explain comet tails, solar wind
observations and things like that; they are so infreguent that
they just can't account for the observations. Parker looked at
the coronal expansion as a continuous phenomena. e have a ball
of hot gas at 1 to 2 x lOGOAK in a solar gravitational field.
Let's look at what happens by applying hydrodynamic expansion
argument.

Before we do that, I am going to talk about a rocket nozzle
and how you get supersonic flow in a rocket engine. To get super-
sonic flow from hot gas, it must expand thru a deLaval nozzle.
Parkexr has an analogy where he uses solar gravity in the corona to
take the place of the rocket nozzle so that the solar wind expands
supersonically.

Let's start out, then, with some hot gas in a container and
put a little pipe in the side of the container so the gas can come
out. As the pressure in the container is increased, the velocity
of flow will increase until it reaches the speed of sound. That is,
the flow velocity will be limited to the speed of sound. The speed
of sound a for a monotonic gas is

4%
e 7 L : - AR
{3 = Viny et
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because the particles spend a E%ird of their time going in each of
three directions. The square root of gamma takes into account the
fact that Vrms increases a little bit at the peak of the wave
because when the gas is compressed in a sound wave, it heats up a
little bit. 1In fact, the pressure, on the average, is higher every
place because the compressions do not quite cancel the rarefactions

(remember that radiation pressure is just the average pressure).
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Can the wolecules get out of the hole any faster than their
thermal velocity? Delaval wanted to get a steady flow of gas
at the highest possible velocity. To do this, he invented the

deLaval nozzle.
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Fig. 17-2

Now I am going to show you a mathematical proof that the
deLaval nozzle is necessary to obtain supersonic¢ flow. I am sure
this is what was done AFTER del.aval thought of the idea, not before.
You will see that you would never be able to get at it this way.
The answer is, interestingly enough, to get the highest possible
velocity, you need a converging-diverging section. This is why
rocket motors are made as shown in Pigure 17-2. At the throat,
the velocity is limited to the velocity of sound. Then as it moves
out, it will become supersonic. The total energy of the system has
to be constant. So, the transverse energy appears as directed
energy. All the delaval nozzle does is take the random thermal
motion and direct it. The exhaust velocity is equal to V thermal
on the upstream side of the combustion chamber. If the velocity
does not reach ?he épeed of sound in the throat, then the nozzle
is just a Venturi tube. The gas slows down again as it goes out.
There was a big argument between Parker and Chamberlain that went

on in and out of the literature for a couple of years because there
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are two solutions as sketched in Figure 17-3.
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One works as a Venturi tube and the other works as a supersonic
nozzle. Chawmberlain got a velocity of expansion of only 20 km/sec
and Parker got an expansion velocity of 500 km/sec -~ they weren't
agreeing at all.

Let the cross-sectional area be £ at any point along the nozzle.
The Mass flow M is fpV where V is the flow velocity, f is the cross-
sectional area, and p is the density at any point. This is the
continuity equation, M = £pV. Take the logarithm of both sides and

differentiate. M is a constant for steady state. Thus,

@

£ dp -\

== 4 + = =

£ p \' 0
Now from Bernoulli's equation,

dP = -~ pVdv .

Or,

ar
o

(The change of pressure is balanced by the change in wmomentum. )

~ vdv
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or, since dP/dp = a2,

azdﬁ/p = ~Vdv

Therefore,

L men
Dty

v gy N }\/ \<£3/ O
dp/p = - —5 Av . & S, \

a2 é

Substitution of this result in the differential form of the

continuity equation gives I v h
J% AV Voo i
ar _ ., av ¥ Vo
£ 52 v o

In terms of the Mach number M = V/a, this becomes

ag .2 av
i (M™~1) v
Now, if the velocity is to always increase -~ that is, if the

velocity is always positive as we would like -- this is always
positive. Then when the Mach number is less than one, df/f must
be negative, that is, the throat must be convergent if the Mach
number is less than one. When the Mach number equals one, df/f
must be zero. When the Mach nﬁmber is greater than one, df/f must
be positive and the rocket nozzle is divergent. This shows that
if we want to get a Mach number greater than one, we need to have
first a converging section, and then a section with no change in

area, and then a diverging section.
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The temperature of the corona is of the order of 106 degrees.
This corresponds to roughly 100 ev. At the orbit of earth the
solar wind protons have a velocity of 500 kwn/sec, which corresponds
to an energy of 1.3 kev, which corresponds to the temperature of --
well, 1 ev is 12,000 degrees, so it is about 2 or 3 x leOK, and
'they are just moving a few km a second. When they get out to the
orbit of earth, they are wmoving 500 km/sec, which corresponds to
3 x 1070K.

Remember that in a simple rocket engine, the best you can do
is to take the thermal velocity and order it. In the solar corona,
we quite obviously have exceeded the thermal wvelocity by maybe a
factor of 4. The solar wind enexrgy comes from heat put in at the
pase of the corona, and this heat is converted into ordered motion.
In the solar wind, the gas is heated after it has started woving.
The Parker model just uses heat that is conducted out from the
base of the corona. There also could be heat dissipated in a
broad region many solar radii thick -~ energy brought up from below
in wave motion. The energy per atom at infinity, or very far from
the sun, 1/2 mvz, should be equal to the quantity of heat energy
put in, minus the work done against gravity. There is a certain
amount of thermal energy put in, and this should all appear as
ordered kinetic energy and potential energy.

There is a lot of work left to be done on Parker's model. It
doesn't make a good fit to the observed data; there are lots of
adjustable congtants, and there are things that need to be examined

more carefully and, perhaps, modified in cases.
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Let's look at the solar magnetic field. (Parker and Chamber-
lain excluded the solar magnotic Fiold Zngw tholr Aiccucsions.)
Lf the solar magnetic field energy density is greater than nkT,
there will obviously be no expansion. The magnetic field lines
which start in one region of the sun and go to another, will tro,
the plasma. The heat put into the corona will be cqnducfed back
down to the photosphere where it is 103 times cooler, and it can
be radiated away:; there will be no ensrgy carried away by an
expanding corona. If the megnctic field energy densiry vere qredtey
than the particle ecnergy density, vou get no ennanzion. The heat
that was put into thae corona would than be lost either by conductirsg
heat dewnwzxd to tho ccoler photospheze or by radiating it away
in electrowngnetic rediation -~ or both.

We must now colve for the magnetic field around a rotating sun.
Let's first assume that the field is very weak, and we will asrimn

2

imi+tially that B /230 is much less than nkT. We are looking Jdown

oh 4q;c2:4La %Fia axis of *he sun. »ad the sun ig h¢tnh§#

We will watch a block of matter move radially out from the sun.
These are successive positions of thig plece of matter, Meanwhila,
the sun turnsg so that thesa blocks o Watter move out radially.
Each one carries a wmognetic field frozan in with it. Let's follow
the history of cne cf these pieces of matter as shown in Pigure 18-1.

A block of solar corcna waterial that moves radially out will tras-
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an Archimedes spiral as seen from the sun. Thus, as seen from a
stationary frame, a single 5pot on the sun shoots out plasma that
at any instant of time forms an Archimedes spiral. The frozen-in
solar magnetic field also forms an Archimedes spiral. The equation

for an Archimedes spiral is R = (VS/Q)B. V. is the solar wind speed,

8

 is the angular speed, and 8 is the heliocentric longitude of the
sun. Since ¢ *B = 0, there must be tubes of flux going out from
the sun, and tubes of flux coming back to the sun. So, if you take
a surface integral over the sun of B, it is zero.

I will bring up the phonograph needle analogy because it might
Pe helpful. If you have a phonograph record with a spiral groove
(therphonograph groove is an Archimédes spiral, a rather tight one),
the needle slides along the groove just like the plasma can slide
along the magnetic field but not across it. The needle moveé
radially out (actually, it moves radially in) while the grooves
rotate as a rigid body. The magnetic field lines are in the form
of an Archimedes spiral that on the average co—rotaﬁé with the
sun while the plasma slides radially out. -

For a homework problem prove that, in the equatorial plane of
the sun, the total field Bt is

a%g?
LR
VS -

- 2,2
B, = BO(R) (1 +
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where a is the radius of the sun and B0 is the field strength

at R = a, The radial component B, and transverse component B, are

B, = BO(E) '
azwq
B }‘ : Bo RVS ' a

Note that Q (that is, the angular velocity of the sun) is not the
synodic period, -the apparent period. It is a period that corresponds
to the 24.7 days actual rotational period that most people plugging
into this use rather than the usual 27 day period, the apparent
synodic rate as seen from the earth. Obviously, the motion of
the earth around the sun has nothing to do with the strength of
the interplanetary magnetic field.

Now we must go back and see if we have violated anything of
physical significance that might prohibit the solar wind from

expanding. We can define the ratio B as

%ps\?82+ nkT

2
Bt/zuo

Far frow the sun, the first term of the numerator will be dowminant.
Close to the sun, i{he second term will be dominant. If beta is
less than one, there will be no solar wind. It turns out that it
just barely works.

I will just give you a couple of numbers: between 1.1 and 1.2
solar radii there are lO8 particles/cm3, the temperature is a
couple of million degrees, and nkT is 3 x 10”2 ergs/cm3 while
is only a small addition to this energy density. The

2
1
apSVS
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magnetic field energy, B2/2go, is 4 x 10"2 ergs/cm3, Thus, B
appears very slightly greater than 1 ~- we can just barely get
away. If the fields were, say, 3 gauss at the surface of the sun,
the steady solar wind would not start anywhere near the base of
the corona. You can see that just from a simple examination like

that.
HOMEWORK PROBLEM:, .. 4. . = =.. ..

B is a. functlon that depends on solar wind veloczty. What is the
minimum veloclty a solar wind must have in order that it can expand

continuously and not be held back by the solar magnetic field?

If you go far from the sun and take a high solar wind ve1001ty,

B, will vary as l/R . Since the wass density decreases like l/R
YRS _ 2
1/R

So, for very high velocities, once B is greater than one anyplace,
it will be greater than one everyplace. But, as we come down to
lower and lower velocities where the B, component becomes the major

. 2 .
one, then, since B, = B a w/RVS, it is seen that

4 2
B~ Vg /B0 .
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This morning we are going to take up what finally happens to
the solar wind and, also, the solar magnetic field., In other
words, what are the ultimate fates of the solar wind and the solar
magnetic field?

I have here a 1961 paper by Parker, Astrophysical Journal,

July, 1961, 134, page 20. Let wme read a small part of what he
says: "A number of guestions have been raised recently concerning
the properties of a stellar wind, in particular, the solar wind,

at large distances from the parent star." And, there is a foot-
note: Fourth Symposium on Cosmical Gas Dynamics, Varena, Italy,
August, 1960. 8o, at the end of 1960, people were asking what
happens to the solar wind at large distances from the parent star;
what is the ultimate fate of it? In this paper Rarker concluded
that if you let the solar wind go out far enough, it will become

so diffuse that it will just be swept away by the galactic wind.
However, we will adopt a different approach. First we will assune
that the galactic magnetic field is of primary importance in deter-
mining the position of the interplanetary shock transition where
the solar wind runs into an obstacle -- the galactic magnetic field.

Setting %pVv

) : . \
52 equal to Bg/2g.1O where Bg is the galactic field strength,

we obtain

2 2
"e’s Y —C“-'B or 8 « V"**S (2u p );'j
2 T 2 - o' B !
s o g

where pE is the solar wind mass density at the orbit of earth,

and 8 is the heliocentric distance in A.U. S is where the solar
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wind undergoes a transition f£rom supersonic to subsonic flow.

The solar wind can push aside the galactic magnetic field.
Locally, in the region around the sun, the galactic magnetic
field will be bowed out. Leverett Davis showed in 1955 that this
was the sort of picture that the solar wind would make in the
local galactic magnet, make a bubble in it probably wmore like a
football shape.

Remember what I said about the surface of the sun, that there
were rather large regions of north magnetic field and of south
magnetic field, so we have field lines going out and, also, field
lines coming in. ©Now, when you go thru the shock, this spiral
really tightens up because the flow out becomes subsonic behind
the shock, and the field lines are oppositely directed in tubes

of flux throughout this region.
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SWEET'S MECHANISM

Last time we set up the problem that at large distances from
the sun, after we have a shock transition for the solar wind, we
have a condition where opposed field lines lie adjacent to each other.

I might say that no one knows what really happens, and there
are other possibilities, some of which haven't even been considered
yet, 1 am sure. But one attractive possibility is to merge these
field lines so the field ig annihilated. To do that, we need to
have a sufficiently low conductivity -~ the length of time required
to merge them will be a function of the conductivity. If we have
a low conductivity, it will go quickly, and if the conductivity
is very high, it will take a long time.

There is something different about this system; you've got a
region where the magnetic field is in one direction and another
region vwhere the magnetic field is in the opposite direction. In
between, there must be a thin sheath where the magnetic field is

zexo. And this is where we come up to "Sweet's mechanism".
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) " Fig. 20-1 R
@
When we work*out the previous magnetic diffusion problem for

a magnetic field to diffuse a distance 1, we found the characteristic
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time was approximately (and this would depend upon the geometry)
uoiz where 0 is generally Tye
Now, let's set up some dimensions as shown in Fig. 20-2. e
will agsume a finite conductivity, so there is a merging velocity U.
The field is annihilated as they move together. We can write the

merging velocity U =_Q/tm,

B 0

T

=3 .. &

T 2
m uold
) .

U = —
MO

The ¢ should be Oy because in this case there is no Hall current.
You can quickly prove ¢ should be 03° "

If we have these magnetic fields moving together, we are going
to have matter piling up in the widdle that will have to squirt
out the ends. We have to get rid of the matter that piles up. So,

we will let v equal the velocity of efflux of the matter that sqguirts
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out. And just by geometrical arguments v is going to egual U
times L/Q. You can see this; if the particles have to move out
a distance L, they are going to have to go a higher velocity than

the merging velocity by just this ratio.

L L
=0 — =
M 4 umoil .

We have here assumed hydrostatic eguilibrium and nkT much smaller
than B2/2p.o°

Let's follow the life history of a little block of plasma in
the zero field region. As it moves into the middle where there
is no magnetic field and then gets squirted out, it starts out with
zero velocity and then is accelerated to a velocity v. This means
that there is a reaction pressure,ipqﬁ, which must be balanced by
the magaetic pressure BZ/Zu ~= in otﬁ;}\rords, the wagnetic field

squirts the particles out.

1
2 0
-1 | 6 - B v
t/ ,
' Ui
.%‘.: s
7T
> : Plasma squirted
b out by magnetic
f - pressure.
g . B
Fig., 20-3
1,2 .82
5 -
2uo
v==2= =y .

But notice, interestingly enough, that the efflux velocity is just

the hydromagnetic wave velocity. We could have written this down
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immediately without going thru this step pdecause you just can't
move material thru a magnetic field containing a plasma any faster
than the hydromagnetic wave velocity. You wight for a time have

a shock wave implying a somewhat greater velocity, but that would
require a large energy source. Thus, v = th, Then we write

down that the merging time by Sweet's mechanism is L/U. We really
want to wmerge a field of scale, L; the little distance »are of {

is not significant, so that L/U . is the merging time. Je don't
really know what this little "{" is. It was just an arbitrary
scale length where we said the field was so weak that the particles

would just come squirting out.

Then, 5 9
. _ L _ _ Hod L {
b = g = MOdL = T . !Tqﬂ- v/
gin
But. v = th = & 3 !
Mo
' 3 X L, 1
e . T (p.ovhm;é I AT
EY - - — = 1 1 1
w thj‘L th th/2 )Z{ }f{
L
L .72 2. %
t = (=) (poL")"
m v
hw

Thig is the merging time by Sweel's mechanism. It is very
interesting in the form that we have gotten it. L/th is the time
for a hydromagnetic wave to travel a distance L. And the second
term is the time for what we call the old-fashioned diffusion .
Thus, tm is the geometrical mean of the two times for the merging
over scale L by ordinary magnetic diffusion and the hydromagnetic
wave propagation time. This process is wuch faster, as you might
expect, because you annihilate the field and squirt out the matter.

One final and very important point: This process cannot go
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any faster than the collision period. That is, if the wmerging
goes at a rapid rate, then the conductivity will have a large
imaginary component. Then energy will be stored, and the merging
will stop. Whenever you finish a magnetic diffusion or Sweet's

mechanism calculation, always check to be sure that ¢t >>1/u -
m collision.
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This morning we are going to discuss the effect of the solar

wind striking the earth's magnetic field. This is sowmetimes
called the Chapman~Ferraroc problem.
Congider a perfect undistorted dipole field and bring up a

superconducting plate as shown in Figure 21-1.
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Fig, 21-2

I am going to go thru this once using superconductors, and
then we will switch over to solar plasma, very cautiously, because
it doesn't necessarily transform. You can't just go from one to
che other without a little care.

I bring this plate up, and we know that inside a superconductor

there can be no magnetic field -- it completely excludes any
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impressed magnetic field. And that means, since v.B = 0,
B normal is zmero every place on the plate. There is a simple
solution for this magnetic field configuration. If the dipole
is a distance A from the plate as shown in Figure 21~-2, we just
put an image dipole a distance A inside the plate. 8ince these
dipoles are exactly the same strength, one is the image of the
other, they are the same distance from the interface, and the
normal componentswill be cancelled out. The normal components
all cancel out, and only the parallel component is left. But,
a parallel component is alright. I can take H-dl around the
surface of the plate, and that just means I have a surface current,
ne magnetic field inside.

I want to say this about the image: It is just a virtual image;
there is really no magnetic field inside. We have the field of
an image outside the superconductor, »nut the image doesn't produce
a field inside. 8o, H*dY around the surface gives the surface
current that must flow in the superconducting plate to cancel the
field inside the plate.

Now let's redraw the dipole field as squashed in by the super-

conducting plate. This is shown in Figure 21-3.

N(?u‘*r ﬁ!
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When you compress the field on one side, you compress it every~
place. I can just poke a superconducting finger in, and all the
field lines everyplace will move closer together because it has
some of the properties of a hydrostatic mediuwm. In the case of
the real earth's magnetic field, when I compress this, the only
way the field knows that I have cowmpressed it is the hydromagnetic
wave propagates thru the magnetosphere and carries the word to the
tail-end that there has been a compression in the front. The field
lines move closer together, the word travels on, and they all
scrunch in. 8o, when you compress the front side, the field lines
on the back side move in, although not as much. You are fyrther
away from the image dipole. This effect is shown in Figure 21-3
where the dotted lines show the unperturbed dipole field while
the solid line shows how they are deformed. The arrows signify
motion of the field lines. The_fiéld line that would have gone
to infinity now goes out some distance, closes, and comes back.

It acts as a stretched rubber band, and it pulls in on the back.
This is where the compression on the back side comes from. 211

the field lines that would have gone out on the front side are
now coming around to the back, all pulling in. Remenmber, the
curvature of a field line has to be balanced by a pressure gradient,
so all these field lines here pull in and compress the field on the
back side. |

The point then, to summarize this, is when the plate is pushed
into position, the field strength in the eguatorial plane is
increased everywhere. This means the contours of constant B must
move out because you are increasing the field strength everyplace.

Now let's look at the shape of the contour of constant B,

First of all, even looking at it from our image dipole or from a

current flowing on the plate, it becomes immediately obvious that
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the constant intensity contours are not symmetrical around the
earth anymore. The field strength next to the plate, on a line
connecting the two dipoles, is dounled because the field of the
dipole and the field of its image are equal, and they add. Every-
place else in the equatorial plane the field is increased, but less
than doubled. That means the contours of constant B, to exaggeratce,

go as shown in Figure 21-4. Ceo . : Ce T

o€ consgt B,

Fig. 21-4

If we have particles drifting around with a constant magnetic
wonent, let's say they have a 90~degree pitch angle, they move
along a surface of constant B pecause their total energy is a
constant and u is a constant. The radiation will drift closer on
the back side than the front side. This ig the case where we have
a plane superconductor. Now, for the case of the solar wind
striking the earth's magnetic field, for one thing, it isn't going
to be plane because the solar wind pressure, which ig pvz, Ls going

to be constant all across the plane surface. But B2/2u is obviously
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going to be less the farther we move away from the center line.
The solar wind pressure can push in farther at all other points.
And that wmeans, instead of usging a plane, we know that the surface

is going to be deformed like this.

N
P

Colar —s - .
, E k'}Iv
Wi d @ ‘

—
Fig. 21-5

There are several papers calculating the shape of this surface
where they take a dipole and the solar wiad, pvz. They assume
specular reflection (and we will talk about that assumption later:
it is not too good an assumption). They get a normal pressure on
the surface, which depends, of course, on the angle . the surface
makes with the incoming solar wind. Then you calculate how much
the field is increased inside and balance pv2 times the cosgine
of theta against Bz/zu. Actually, you put a 2pv2 out here pecause

of the specular reflection. This is a difficult problem, but

several people have calculated, to three or four significant figures,

the shape of the surface. Probably the best one is the one by
Midgely and Davis that appeared in JGR 63, 5111 (1963). That is
the best analysis, I think. But the assumptions that go into it
are crude enough that just the general picturce is correct. I am
sure that the surface could be off an earth radius or two, and
they would never f£ind it by that method.

It is pretty clear that instead of a plane, as the solar wind
strikes the magnetic field, we expect the surface to bhend around

and give a comet-like shape t0 the magnetosphere. But the effect
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of the compression is the same.

There is something again to point out that is interesting:
The last field line that closes on the front side is very close
to the auroral zone, but I don't see what that has to do with
the aurora. The aurorae occur most intensely at night, and those
field lines are deeply buried within the earth's field. The
fundamental understanding of the mechanism of the aurorae is
propbably the outstanding question in space science today. There
is something really big that is going on out there that isn't
understood in principle, but it occurs on these field lines here
that are very heavily shielded by more field lines outside. There
are a lot of auroral theories where they take so-called neutral
points (see Figure 21-3) where the field changes direction, and
they squirt in particles and they could make a big aurora at noon
but not at wmidnight when it is observed. The sky is dark one or
two hours after sunset; the sky is about as dark as it ever gets
and you just put a photomultiplier looking up at the night sky.
Or at a place like northern Denmark or Sweden during the winter,
it is dark for six wonths, and you see the aurora at any time.
Within an hour of wmidnight the intensity appears to peak. If you
put in particles on the front side and then drift them around, how
would you get them out at midnight? Wwhy not out at some other time?
That doesn't help at all. It is no easier to inject particles at
neutral points than anyplace else. Magnetic pressure is isotropic.
It is just as hard to push the field lines apart one way as another.
I just wanted to bring up the neutral point because it is an
interesting feature. It might be a coincidence or it might have
something to do with the aurora, but without a theory, we will

never know.
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The picture I have drawn here is quite all right for a super-
conducting plate. WNow, if we are going to use a plasma striking
the field, then we have to worry about edge effects. To illustrate

the principle, let me give a simple example shown in Figure 21-5.

4
-

9

Fig. 21-6

Say I have a B field cowming out of the paper on the right side of
the surface 8 (i.e., B is restricted to the right side of the semi-
infinite plane, 8}. A square cross-section column of plasma strikes
the plane. Now, as it does this, the plus charges will wove slightly
to one side and the minus charges slightly to the other side. You
will get a charge separation and electric field inside the plasma.
As seen from inside the plasma -~ this is a collisionless plasma

S0 that'E + ;-xlg will be zero -- this charge separation will
continue until there is no more electric field inside. In other
wordg, the electric field seen by a stationary obser#er will build
up until it is egual <o the Vv x B electric field. In that case

all the forces balance, and this plasma column goes right thru just
ag 1f the magnetic field were not there. Inside the plasma you
could see there is a magnetic field, you could measure it, but you

would think you were standing still relative to it. I mean, if
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you had a magnetometer, you could tell that you suddenly «entered
the region Qf the magnetic field but if you were inside the plasma
and woving with it, you would detect no electric field. And,
therefore, you would say you were spanding stilli and it would

e because of the surface charge.

Now, if we put plasma to the right of S, it will interact
with the 'column. Because not only is there an electric field
inside the plasma, but there is also an electric field outside.
This electric field outside will set up an E cross B drift for
all the plasma it goes thru. Wwhat will happen is that all the
plasma starts moving, the column will stop, and a hydromagnetic
wave will propagate out. (See Alfven, p. 77).

You can also think of a metallic satellite moving around the
earcth. Inside the satellite there is no electric field due to
V cross B motion because the satellite is metal and you know that
inside a metallic conductor there is no electric field. As the
satel lite moves along, you get minus charges on one side and plus
on the other, and these just cancel the V cross B electric field
that 1is set up dy the wmotion thru the earth's field.

Finally, suppose I had a laboratory magnet, 12" pole piece,
and I drop a glass sphere between the pole pieces. When it goes
thru, there is an electric field across the glass; no charges flow
because the glass is ag&nsulator, but the electric field is there.

Don't expect me to develop in the class every possible way of
looking at everything, and every possible answer because there isn't
time, and I am not that patient -- and it won't do you a lot of good.
The wain thing is that,in order that you understand these things,

you have to ask yourself questions and develop the ideas yourself.
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We will now investigate the effec¢t of charge separation on
the Chapman—Ferraro proolem. Instead of the expected curved
surface, we will have the eartch's field inside a box or parallel-
piped. It will have sguare edges and this will make it a little
easier to see what the effect is. Then we can go back and_look
at the real case.

The plus charges come thru and are bent out of the paper; the

minus charges turn the other way.
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Thus, there is a separation between plus and minus where the plus

Fig. 22=1

charges and the minus charges all shift a cylotron diameter in

opposite directions. Now refer to Figure 22-2. If there were

) View looking down
©— C) on North Pole of

8 .
T £ <2i/ Barih . Barth.

@ —
)

Fig. 22-2
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no plasma in the earth's magnetic field, an electric field would

be set up. The E x B drift from the E and B fields will cause the
solar plasma to drift in to the plasma. Therefore, you can't

really stop a streaming plasma unless you have an infinitely
extended magnetic field. The classical formulation of the Chapman-
Ferraro problem is thus incomplete; the application of it isn't
really correct unless you have a plasma inside the magnetosphere.

So, all planets have ionospheres supplied by the sclar wind at least.

The particles of the ionosphere may not be permanent; they could
go drifting right on thru. They will slow down as they come near
the dipole, then they will drift around and go on out. However, if
the.drifting particles are stopped by the lower ionosphere, they will
be stopped all the way out to the magnetopause ({the outer boundary
of the magnstosphere), becaurz tha clectric field ieg shorted out by
the plasma that is inside the magnetosphere. The whole inside of
the protonosphere is an ec~iipotential volume. There won't be a
potential difference from one field line to the next in a steady
state case. It means you can't have an electric field inside +ha
plasma.

This is a subject of some controversy, I wmight add. Alfven,
particularly, has theories where he gets electric fields outside
penetrating thru this region. Most people don't buy that; they
think that you can treat each magnetic field line as a conducting
wire (the conductivity along the field line is very high).embedded
in the ionosphere, which has good conductivity transverse to the
magnetic field. Thus, you have a copper shell and copper wires
coming out of it. Each one of these wires is an equipotential line.
The transverse conductivity between wires at high altitudes is not
very good because the collisions are quite infrequent. But down

at the bottom, where there are a lot of collisions, you have tha
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effect of a copper sphere. Tne copper sphere is an equipotential
surface. Ac the whole thing is of egual potential, there can't
be any electric field inside. I think that is a sound conclusion.
We are done for the present with the effect of the solar wind
on the earth's magnetic field. hether it c¢loses into a teardrop

shape as given in the Satellite Eavironment Handbook or whether

it is blown open into a comet-like shape is a controversial point.
Now we are going to talk about the effect of the spiral intex-
planetary magnetic field on cosmic radiation. After that we will
talk about wagnetic storms.

Let's go into interplanetary space and look at what happens to
cosmic rays. Remember we have a spiral interplanetary magnetic
field (the Archimedes spiral). Actually, the magnetic field is
not always smooth; it has wiggles on it, so we are drawing an
idealized average condition when we draw a nice, smooth spiral.

But it is the way to get started. Then, if you want to make cor-
rections, you put in fluctuations.

Let us define an angle ¥ as the angle between the normal to the
magnetic field and the radius vector r. Previously, we talked
about how, as the plasma moves radially out, in order to keep the
plasma from cuttiny magnetic field lines, the magnetic field co-
rotates with the sun as a rigid body. As the magnetic field turns,
the plasma slides along the field line and moves radially out. The
Archimedes spiral is arranged just so this works perfectly.

There will be an electric field out of the board because, if

we have a moving magnetic field, the electriec field E = QrB siny.

7

»
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Last time we drew the spiral interplanetary field and said

there was an electric field present in the region.
N
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S

Fig. 23-1

The solar plasma doesn't see the electric field. It has a
component of velocity perpendicular to B that is just equal to the
drift velocity E/B.J;Suppose as a test particle, you put .= a
stationary electron into the' interxplanetary medium. What would
happen to it? Which way would it go? It would behave as if it
were trapped or frozen onto the field line. There are two ways to
look at the field. Either you can look at the field as moving
radially out, or you could get the same answer by assuming the field
co-xotates with the sun as a rigid body. The stationary test
particle would move perpendicularly to B with a velocity E/B.

We should dwell on this for a few minutes because there are
several ways of looking at it, and you want to be sure you could
approach it from any point of view and get it right.

First of all, as seen frowm the earth, the plasma is moving and
carrying the magnetic field with it. If the plasma is moving with
a velocity VS, the solar wind velocity 5; x B is the electric field.

If I reverse B, I would alsoc reverse E. The E‘x E}Bz drift
would be exactly the same. The plasma then has two motions; it

has the motion parallel to B (and that motion doesn't count), and
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the motion perpendicular to B is just the drift velocity. 1In
other words, the plasma is drifting in the E cross B direction
as seen from the earth. In addition, it has the motion parallel
to B so the net result is a motion radially out from ithe sun.
Now let's look at it from the frame of reference as seen by
the solar wind. Let's make the field uniform and forget about
the spiral for a winute. Thus, we have a uniform field tilted
at an angle and a moving plasma as shown in Figure 23-2. From a
frame of referehce moving with the solar wind, there is no electric

field. "Why not?" "what is going on?"

Fig. 23-2

We can resolve the velocity vector into components: a motion
parallel and perpendicular to the magnetic field. Obviously, the
parallel motion is not going to affect anything. Particles move
parallel to the field with a simple spiral motion.

Then there is the wotion perpendicular to B, but the way to look
at it is that the magnetic field is frozen in and the wmagnetic field
is moving with the plasma. Thus, the total velocity vector is
broken up into a velocity parallel to B and a velocity perpendicular
to B. So far as the solar wind is concerned, it sees the magnetic

field moving perpendicular to B with a velocity that turns out to
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be V drift = g'as before. The important thing here is to be able

to explain the motion with or without an electric field.

Let's look at the effect of the co-rotating interplanetary
magnetic field on cosmic radiation. Remember that if I put in a
test particle, it will not necessarily move with the solar wind.
The solar wind is a very special plasma motion; it has the E/B

drift velocity and it has an extra component of velocity parallel

to the field. The guiding centers of cosmic rays do not necessarily

have this parallel velocity component; in general, the cosmic rays
just f£ill this region with an isotropic flux. There are two ways
to look at it: (L) The guiding centers (if their cyclotron radius
is small enough) will move and drift along with the velocity E/B
for the guiding center, and so will the solar flare cosmic rays
after they become isotropic., Y¥You don't want -to forget about the
E/B drift velocity just because it is small compared to c. There
may be a subtle weak effect. In fact, the effect we are going to
come up with is about .4 or .8% perturbation on an isotropic flux.
The second way to look at this is discussed in & subsequent

lecture.
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We will now examine the effect of the solar wind on cosmic
radiation. An electric field is created in the interplanetary
medium by the solar wind carrying the spiral solar magnetic field
with it. Another way of looking at it is to say that the solar
wind moves thru the spiral and causes the interplanetary magnetic
field to co-rotate with the sun ~- and both ways V % B turns out
to give you the same electric field. -~

Now let's think of cosmic rays wmoving in across the electric
field, E, and wmagnetic field, B. Here we have an electric field

and a magnetic field -~ magnetic field into the paper and electric
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Fig. 24-1

Let's take a positive particle, (). Let's put the earth right
at A. The particle, as it strikes the earth from the right, will
have an excess energy eBa. (We have chosen the reference for zero
electrostatic energy as being along the guiding center.)} As the
particle moves up and down the electric field, it gains or loses

energy.
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Let's look at a second particle, (). This particle comes
looping along, and it can only strike the earth from the left
side. The interesting thing about this particle is that it has
lost energy by moving against the electric field, A¢ = eEa.

Now there is another way of looking at this. We can wmove into
the stationary frame of reference where ve see no electric field.
All you have to do is consider that you are wmoving with the guidir-

center.
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Consider you are moving along with the guiding centers. You
would see the earth coming along from the left and plowing inte
these cosmic rays as shown in Fig. 24-2. Juci like a car driving
thru rain and raindrops hit the front windshield hardexr than the
back, the cosmic rays will hit harder on the forward side of the
earth than on the back side. Thus, a definite anisotropy is pro-
duced perpendicular to the magaetic field, The magnitude of the
cosmic ray diurnal variation is about one-~half a percent.

There are three effects to be noted: (1) The energy cpent
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is shifted. Say the integral spectrum is as shown in Pig. 24-3.
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At a given coswmic ray station, the cut-off energy is fixed. The
area under the curve for a given energy cut-off goes up and down
as the earth turns on its axis. (2) There is an aberration effect:
~- just like optical aberration, the same sort of thing that is
done in astronomy. The same with raindrops again; they appear to
come in a more and more parallel peam out in front,so the flux of
particles per steradian solid angle becomes greater. And (3),
the number of particles striking a given area per unit time goes
up, like the number of raindrops striking the windshield per unit
time per unit area goes up the faster and faster you drive. All
three of these turn out to yield terms of the same order of marn’
tude, and they all add. As the earth turns in this system, then,
you would expect to see a cosmic ray diurnal variation. And you
do -- at just about the right order of magnitude. However, there
are a lot of troubles in detail that still need to be worked out.

You ought to go thru these arguments and convince yourself
that reversing the magnetic field, the interplanetary wagnetic
field, will not revérse the sign or the phase of the diurnal
variation.

A bit of history here: At first people began to notice the
cosmic ray diurnal variation with statistical analyses. Later,

when they understood a little more about what was going on with
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the cosmic rays, they knew they were counting mainly mesons.
The mesons were created at some altitude overhead, and then

came down and struck the detector. But many mesons decayed in
Thus, the intensity at the

Thi.:

£light and never got to the detector.
detector depended on the altitude of formation of the mesons.
altitude goes up and down diurnally, too; there are diurnal tidal
¢t is

effects in the atmosphere. The correction for this efie

about the same magnitude as
sald that the effect is all
wrong. Finally Blliott, of
very clever experiment. He
pointing at right angles to

parpendicular.

the observed diurnal variation. Sowse
atmospheric'—~ but the phase was
Iwparial College in England, did a
put up some cosmic ray telescopes

each other, each 45 degrees from the

The atmosphere is really a very thin layer. Therefore
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Fig. 24--4

Loth telescopes should s=22 the sene thing at the same time [ Here

a real external

5

is no external anisotropy. However, 1f theve 1

anisotropy, then whatever one telescope secs, the other should

e

ee six hours later, if you avce moking the correct corrections for

the change in atnocpheric helght of wmnzon formation. And it is

just the way it worked out; it really nailad down the conclusion

that there was a raeal external anisotropy of the galactic cosgmic

rays that alwavs o2curred at about the sawme time of day. It was

also egtablished that th is not an anisotropy that is contiell~”

2

by the galactic arm; it is controlled by the sun.
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Let's work a little more on this and see what we get. We
know the electric field is VDB and the cyclotron radius is
ww/eB where w is the particle velocity. (We will do this classic-

ally, but we will discuss the relativistic results shortly.)

A energy = eka
= mw
e (V,B) (335)
= mVDw o

That is the change in enexgy as the particles move up and down
in the electric Ffield. This is also the change in energy if we
consider an isotropic flux in a stationary system (no electric
field), and we get on the earth and begin woving thru this system
with a velocity VD:

A ene}gy = %-m{w + VD)2~ -]é"'mw2 .
The first term cancels, there is a crossproduct, and a second
order term, but since w is much higher than the drift velocity,

the second order term is negligible compared to mVDw. Thus,

1 2
= - +
Ae 5 m (2va VD )
Ae = mwV .

D

So, there are two ways of looking at this effect, either from the
electric field or from the change of coordinate systems. You should
e able to gét the same description of nature in any coordinate
system. You cannot use the argument -~ and I keep bringing it up
because it is used in this phenomenon -- the argument used is that
since there is no electric field in one coordinate system, there

isn't any electric field in any coordinate system. It may seem
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inconceivable to you that this is used, but it is.
HOMEVWORK

Problem 1. Solve for A enexgy in two ways, both the change for

a particle moving in an electric field and the change of energy
of a particle when you change coordinate systems -- and do it rela-
tivistically. In other words, redo this lecture relativistically.

See 1f you get a different result.

Problem 2. This problem will really clarify everything in a way

that you wouldn't believe possible. You have a slab of plasma,
infinite extent coming out of the paper, and a magnetic field B
coming out of the paper inside the slab; no magnetic field outside.
The whole slab of plasma is moving to the right with a uniform

valocity V<<C.

. .
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Fig. 24~5

If we are just standing and looking atc this from the outside, we
see an electric field. If we move with the plasma, we see no
electric field. The guestion is: If in one frame of reference
we see an electric field, and in the other frame of reference,

we don't (one is a stationary frame and the other a moving frame),

how can we get equivalent descriptions of cosmic ray particles
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coming thru because in one frame of reference the cosmic ray
particle will either work against the electric field or have
work done on it by the electric field. 1In the other frame of
reference, there isn't any electric field. In other words, we
go thru this and demonstrate that it doesn't matter which frame

of reference is chosen.
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Let's take a uniformly magnetized sphere, spin it about its

spin axis, and we will put a single electron in the wagnetic field.

Fig. 25~1

What does the electron do? Wwhen a sphere is not spinning, the
electron will drift in the gradient of the field. Ndw, let's startc
fhe spheré spinning. What happens? The way to look at this is that
the magnetic field lines stand still and the sphere rotateé ingide
them. The magnetic field lines do not co-rotate with the sphere.
This point is covered in COsmical Electrodvnamigg by Alfven, section
1.3, p. 6. - | o

The sphere spins in its own field, and an electric guadrapole-

like moment is generated as shown in Figure 25-2,

o

€~ Blectric Field

e

Fig. 25-2
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The magnetic field from the sphere falls off as l/r3 while the
electric field falls off at least as fast as léré. Thus, the
E/B drift velocity decreases with radial distance so the particle
will not in general have a drift velocity wr that would be required
if the wagnetic field rotated with the magnet. '
Now, let me build a new physical system. I will take two lead
plates, and I will cut four big holes in them. There is an axis
here about which I can spin one of the plates. I impress a magnetic
field so it goes thru the holes and take the plate below the super-
conducting transition point so it becomes superconducting. A property
of a superconductor is that no field line can penetrate the super-
conductor and the flux thru a hole is constant. Then I turn off
the external field, and I am left with a field that looks like this.

Fig. 25-3

I hold one plate rigidly, and I spin the other. Do I twist up the
field lines like a rope in the middle? You think it would wind up?
What do you base that on? All right, I'll make this center piece

also superconducting. (I hadn't thought about that one.)} The axis is
as a superconducting tin rod. Before I have spun any plate, you

could have solved for the field configuration (this would be a

Physics 530 problem, for example). You are given regions where you
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know the total flux. You also know that the normal component of

B is zero everyplace along the surface of the superconductor. Also,
the only field we have isg the field of the plate, éo_you know that
far away the field falls off as l/r3, and goes to zero. You have
all the boundary conditions, and you can solve the field configu—
ration in principle; you can solve it completely (although you
might have to use a computer). Now when you get an answer, you get
THE one and only answer. If you satisfy the boundary conditions

in a static electromagnetic problem, thén you have the unigue
answer. After you spin one plate N timeé,'there still is only cne
answer. It depends upon the boundary conditions, and they haven't
changed. Therefore, the magnetic field will not twist up like a
rope if there is a vacuum between the plates. However, from the
principle of frozen—in flux, we know the field would twist up.

In thig latter case, the boupdary conditions would be altered by

volume currents in the plasma.
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